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Abstract. We prove that any separable exact C*-algebra is isomorphic to a subalgebra of the Cuntz algebra 
O2. We further prove that if A is a simple separable unital nuclear C*-algebra, then O2 ® A = O21 3.nd if, in 
addition, A is purely infinite, then Oao ® A = A. 
^ ' The embedding of exact C*-algebras in O2 is continuous in the following sense. If A is a continuous field 

U , of C*-algebras over a compact manifold or finite CW complex X with fiber A{x) over x £ X, such that the 

■ algebra of continuous sections of A is separable and exact, then there is a family of injective homomorphisms 

' (fx '■ A{x) — > O2 such that for every continuous section a of A the function x ^ ipa:{o.{x)) is continuous. 

' Moreover, one can say something about the modulus of continuity of the functions x ^ ifixio.{x)) in terms of the 

structure of the continuous field. In particular, we show that the continuous field 8 1— > Ag of rotation algebras 
posesses unital embeddings ipg in O2 such that the standard generators u{8) and v(8) satisfy 

^ '. max(||^e^(«(ei))-<^e2{«{e2))||, ||^ei(t)(ei))-¥'e,{^(02))||)<C|ei-e2|'/' 

f**^ ' for some constant C. 

o ■ 

(N 



0. Introduction 

It has recently become clear that the exact C*-algebras form an important class of C*-algebras more general 
than the nuclear C*-algebras. (A C*-algebra A is called exact if the functor A (g)i„in — preserves short exact 
sequences.) For example, every C*-subalgebra of a nuclear C*-algebra is exact. The class of exact C*-algebras 



has a number of good functorial properties (see Section 7 of [Kr4]); in particular, unlike the class of nuclear 
Q ' C*-algebras, it is closed under passage to subalge bras . (Unfortunately, thou gh, it is not closed under arbitrary 
^ , extensions, only under "locally liftable" ones. See |Kr2| and Section 7 of | Kr4 |.) The reduced C*-algebras o f som e 



I discrete groups (including free groups), and perhaps all discrete groups, are exact. (See Remark 7.8 of [Kr2|.y 
Separable exact C*-algebras can be charac teriz ed as exactly those C*-algebras which occur as subquotients of 
the (nuclear) CAR (or 2°° UHF) algebra ([^). 
, In this paper, we show that every separable exact C*-algebra is isomorphic to a subalgebra of the Cuntz 

' algebra 02- Thus, a separable C*-algebra is exact if and only if it is isomorphic to a subalgebra of of a nuclear 
C*-algebra, if and only if it is isomorphic to a subalgebra of the particular nuclear C*-algebra 02- 

The methods used to prove the embedding in O2 show that separable exact C*-algebras which are "close" in 
a certain sense have nearby embeddings in O2 ■ We prove that if X is a compact metric space which is sufficiently 
nice (certainly including all compact manifolds and all finite CW complexes) , and if A is a continuous field over 



X in the sense of Dixmier (Chapter 10 of [Dx]) such that the algebra of continuous sections of A is separable and 
exact, than A has a continuous representation in ©2- That is, there is a collection of injective homomorphisms 
ipx from the fibers A(x) of A to O2 such that, for every continuous section a of A, the function x 1— > (px{a{x)) 
is continuous. Moreover, one can say something about the "smoothness" of these functions. For example, we 
show that there are injective homomorphisms ipg from the rotation algebras Ag (rational and irrational) to O2 
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such that, if u{6) and v{9) denote the standard generators of Aq, then there is a constant C such that 
max{yg,{u{e,)) - ^eAu{02))l ye,HOi)) - ^e.(«(e2))||) < C\0i - 92\'/^ 



for all 6*1, 6*2 G M. Haagerup and R0rdam [HR] obtained representations on a Hilbert space with these properties, 
and showed that even there the exponent ^ can't be improved. Our work provides an independent proof of the 
Haagerup and R0rdam representation-a proof not using unbounded operators. 

Blanchard |Q has a somewhat different approach to the representation of continuous fields in O2 ■ He is able 
to allow more general base spaces X, but obtains no information on smoothness. In particular, his methods do 
not provide the Lip"'^^^ representation (or a Lip" representation for any a) of the field of rotation algebras in 
O2. 

In |e|, George Elliott initiated a program for the classification of separable nuclear simple C*-algebras of real 
rank zero in terms of K-theoretic invariants. The purely infinite case was first tackled in ]Rrl| (b uilding on the 



work o f [|BKRS[|), and has since been investigated in a number of papers. (See pEEK| , |E1R[|, |Ln2|, [ pPl[ , 



[ |LP2[ , ||Rrl[|, [[Elr2t, |rI3| , and |^r4|.) The classification Drogram predicts that if A is separable, nuclear, unital. 



and simple, then ©2 (Xi ^ should be isomorphic to O2, and that if, in addition, A is purely infinite, then Ooo ^ A 
should be isomorphic to A. (The Kiinneth formula for C*-algebras Q implies that if* (©2 (8) v4) = K^,{02) 
and K^{0 00 A) = K^{A).) We use the result on embeddings in O2, together with some of the lemmas in its 
proof and some additional results, to prove that these isomorphisms do in fact hold: O2 ^ A = O2 for separable 
nuclear unital simple A, and Ooo ® A = A for separable, nuclear, unital, purely infinite, and simple A. 

These results are the starting point for a proof by the second author of a general classification theorem for 



separable nuclear unital purely infinite simple C*-algebras satisfying the universal coefficient theorem |Ph2]. The 



first author also has an independent proof | Kr5 1 of this classification theorem, which does not use the isomor- 
phisms of tensor products above directly, but rather obtains them as a consequence of the general classification 
result. 

This paper is organized as follows. The rest of the introduction contains some general terminology and 
notation, and some more or less well known results that we use often enough that it is convenient to have 
them restated here. In Section 1 we prove several technical results on approximation and perturbation of unital 
completely positive maps. In the second section, we use these results to prove that separable exact C*-algebras 
can be embedded in ©2. Section 3 contains the proofs oi O2 ^ A = O2 and O2 ^ A = 02- Those interested 
only in the classification program need read no further. In the fourth section, we present some preliminaries 
on continuous fields, including results based on earlier papers and results based on Section 1 of this paper. In 



the fifth section we give a version of the argument Haagerup and R0rdam use in |HR| to obtain continuous 
representations of continuous fields when one merely knows that any two nearby fibers have nearby embeddings. 
Section 6 is devoted to the detailed examination of the field of rotation algebras. 

The first author would like to thank Mikael R0rdam and George Elliott for valuable discussions. The second 
author would like to thank Ed Effros and Gilles Pisier for valuable discussions, Uffe Haagerup for a stimulating 
question, and K0benhavns Universitet for its hospitality during the fall semester of 1995, when some of this 
paper was written. 

Here is some general notation we use throughout. Af„ is the algebra of n x n matrices, with matrix units 
{eij}. If ii is a separable infinite dimensional Hilbert space, then K = K{H) denotes the algebra of compact 
operators on if, and L{H) denotes the algebra of bounded operators on H. The unitization of a C*-algebra A 
is denoted A'^\ this means we add a new unit even if A already has one. We let A denote A if A is unital and 

if not. The unitary group of a unital C*-algebra A is denoted U{A)^ and U[){A) is the connected component 
of U{A) containing the identity. When we refer to a unital subalgebra i? of a C*-algebra A, we implicitly mean 
that the B is supposed to contain the identity of A. 

We present here some (well) known results which are used frequently enough that is is convenient to restate 
them. 

The first part of the inequality in the following estimate is the best possible, as can be seen by taking p — I 
and X to be a positive real scalar less than 1. Note that 1 — (1 — (5)^/^ is approximately S/2 for small 5. The 
second part of the inequality gives the best linear estimate over the relevant range, as can be seen by letting 
||a;*a: — p|| ^ 1 (for example, letting x 0). 
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Lemma 0.1. Let ^ be a C*-algebra, let p € ^ be a projection, and let x G A satisfy xp — x and ||a;*x — p|| < 1. 
Then the formula v = x(x*x)~'^/^ (functional calculus evaluated in pAp) defines a partial isometry in A with 
v*v = p. Moreover, 

\\v - x|| < 1 - (1 - \\x*x~p\\y/'^ < \\x*x-p\\. 

Proof: It is well known that if ||a;*a; — p|| < 1 then w is a partial isometry satisfying v*v — p. For the rest, let 
S = \\x*x — p\\. A calculation, using the fact that {x*xy^^ e pAp, shows that 

(v — x)*{v — x) — [{x*xy^^ — p]'^ 



1 > -(5. ■ 



and 

\\v~x\\ ^ \\{x*xfl'^ -p\\ < sup{|ti/2_i| :\t-l\<S} = 1- (1- ,5)1/2. 
This gives the first inequality. For the second, note that (1 — 5)^/^ > 1 — (5, whence (1 — Sy/^ 

Theorem 0.2. (Theorem 3.1 of []CE1 |; also see [ Krl |.) A separable unital C*-algebra A is nuclear if and only 
if there are sequences of unital completely positive maps Sk '■ A M^^k) ^-nd Sk ■ M^^k) ^ A, for suitable n{k), 
such that limfc„,oo 71- ° Sk{a) = a for all a £ A. 



The maps in |CE1| are not required to be unital, but this is easily fixed. See the note on this point in the 
proof of Proposition 4.3 of |EH]. 



Theorem 0.3. (Clioi-Effros Lifting Theorem; see the corollary to Theorem 7 of fAq].) Let ^ be a separable 
nuclear unital C*-algebra, let B be a unital C*-algebra, and let J be an ideal of B, with quotient map tt : B ^ 
B / J. Then for every unital completely positive map S : A ^ B / J, there is a unital completely positive map 
T : A^ B which lifts S, that is, such that noT = S. 



Proposition 0.4. Let A and B be unital C*-algebras. Let C A be an operator system (in the sense of Choi 
and Effros; see [CE2|), and let S* : _E ^ B be a nuclear unital completely positive map. Then for every finite 
dimensional operator system Eq C E and every e > 0, there is a unital completely positive map T : A ^ B 
such that \\T\e„-S\eo\\ <£■ 



Proof: This is similar to Proposition 4.3 of |EH . Since 5* is nuclear, there are n and unital completely 
positive maps Pq : E ^ Mn and Q : Af„ B such that ||Qo ^ol^o ^ "^l^^o II < The Arveson extension theorem 
(Theorem 6.5 of [Q) provides a unital completely positive map P : A Mn such that P\eo = ^ol^o- ^^t 
T = QoPA 

Definition 0.5. Let A and B be C*-algebras, with A separable and B unital. Two homomorphisms (p, ijj : A ~^ 
B are approximately unitarily equivalent if there is a sequence {u„) of unitaries in B such that lini„^oo \\'>J'n^{o-)Un~' 
■0(a) II = for all a £ A. 

We will frequently use the following special case of Elliott's approximate intertwining argument, of which the 
original form is Theorem 2.1 of p|. 

Lemma 0.6. Let A and B be separable unital C*-algebras, and let (p : A ^ B and ip : B ^ A he homo- 
morphisms such that ^ o is approximately unitarily equivalent to id^i and ip o ip is approximately unitarily 
equivalent to ids . Then A = B. 



Proof: This is contained in the proof of Theorem 6.2 (1) of ]Rr2| . (Or see Proposition A of |Rr3|.) I 



Proposition 0.7. Let _D be a unital purely infinite simple C*-algebra. Then any two unital homomorphisms 
from O2 to D are approximately unitarily equivalent. 



Proof: This is a special case of Theorem 3.6 of |Rrl|. The required two conditions on D (that U{D)/Uq{D) —f 
Ki{D) be an isomorphism and that D have finite exponential length in the sense of | |Rn[ ) follow from Theorem 
1.9 of | |Cn2 and from |Phl| or |Lnl| respectively. I 



Theorem 0.8. (|§£§) ©2(8)02 = O2. 
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1. Completely positive maps and perturbation 

In this section we prove several approximation and perturbation results which are frequently required later 
in the paper. At the end of the section, we combine these results (without using their full strength) to prove 
a lemma on approximate unitary equivalence of homomorphisms to tensor products with O2 ■ Combined with 
the isomorphism O2 ® O2 — C2, it implies that two unital injectivc homomorphisms from a separable exact 
C*-algebra to O2 are approximately unitarily equivalent. 

The first of the three main results of this section is Proposition 1.7, which shows that a nuclear unital 
completely positive map from a unital purely infinite simple C*-algebra to itself can be approximated on finite 
sets b y maps of the form a > s*as for isometrics s. The proof is somewhat different from that of a similar result in 



[ Kr5 ], relying much more heavily on properties of purely infinite simple C*-algebras. The next important result 
is Lemma 1.10, in which we show, under suitable exactness and nuclearity assumptions, that ii S,T : A B are 
unital and completely positive and S is sufficiently close to being completely isometric on a finite dimensional 
operator system E, then To can be approximated on S{E) by a unital completely positive map. The last 
main result is Lemma 1.12, in which approximate "similarity" via isometrics in A is shown to imply approximate 
unitary equivalence in O2 'Si A. We use it to show that two injective unital homomorphisms from a separable 
unital exact C*-algebra to O2 are approximately unitarily equivalent. 

We begin with some preliminary lemmas on purely infinite simple C*-algebras. 

Lemma 1.1. Let A be a C*-algebra, let a, h ^ A he selfadjoint elements with < a < 1 and < /i < 1, and 
let q e A be a projection. Then \\qa — q\\ < 12\\qhah — q\\^^'^. 

Proof: Represent A faithfully on a Hilbert space H. Note that ||qa— gj] = Hag— g|| and Wqhah—qW = \\hahq—q\\ . 
It suffices to show that if ^ g qH, then \\a^ - ^\\ < I2\\hah^ - ^\\^/^. 

We first claim that if 6 € L{H) satisfies < 6 < 1 and r] <E H satisfies ||?7|| = 1, then ||fo?7 — < 4(1 — 
To see this, set S = 1 — let p = 5^/^, and let p e L{H) be the spectral projection for b corresponding to 

[1-p, 1]. Then 

(1 - S)' = \M\' = \\bp,j\\' + \\b{l-p)rj\\^ < ||p7;||2 + (1 - pf\\{l-p)rj\\^ 

= 1 - \\{i~p)vr + (1 - pmi-p)vr = i - ^(2 - pmi-pm'. 

It follows that 



So 

\\bv-v\\ < \\b\\\\{l - p)v\\ + \\bpv - PVW + \\{^ - P)v\\ <2V25^^^ + p <AS^^\ 
This proves the claim. 

Now let f G qH satisfy ||^|| = 1. Since ||a||, \\h\\ < 1, we have > 1 — \\hah£^ — ^||. Applying the claim to 
h and ^, we get — ,^|| < 4\\hah^ — ^H^/"^. Also, with t] = j^^h£_, we have 

\\av\\ > TT^WhahCW > - \\hah^ " ClI) > 1 - \\hahC - ClI, 



so 



Therefore 



\ah^-h^\\ = \\h(\\\\aT]-T]\\ < \\h^\\ ■ 4:\\hah^ - ^\\^^^ < 4:\\hah^ - ^\\^/\ 

< \\a\m~h^\\ + \\ah^-H\\ + \H-a<mhah^-a'^'. 



I 



Lemma 1.2. Let A be a purely infinite simple C*-algebra, and let ai, . . . ,a„ € A he positive elements with 
||aj|| = 1 for all j. Then for every e > there are nonzero mutually orthogonal projections pi, . . . ,p„ G A such 
that Wpjttj — PjW < £ for all j. 
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Proof: Choose S > with 12{2S)^^^ < e. Choose an irreducible representation tt of A on a Hilbert space 
H. By induction, we construct a sequence ^i, . . . of orthogonal unit vectors in H with ||7r(aj)^j — < 5 
for 1 < j < n. Choose to be any unit vector in the spectral subspace for 7r(ai) corresponding to [1 — (5, 1]. 
Given ^i, . . . , ^j, let Hq be the spectral subspace for 7r(aj-|_i) corresponding to [1 — (5, 1]. Since 7r(A) contains no 
compact operators, this space must be infinite dimensional. Therefore it must nontrivially intersect the finite 
codimension subspace span(^i, . . . and we take to be any unit vector in the intersection. 

Let pj G L{H) be the projection onto C^j, and let p = pi + • • • + p„ be the projection onto span(^i, . . . , ^„). 
Let 

L = {a e A : n{a)p = 0} and N = {a e A : ■n{a)p = p7r(a)}. 

Then L is a left ideal of ^4, is a C*-subalgebra of A, and LD L* is an ideal in N. Define a unital completely 
positive map T : A L{pH) = Mn by T(a) = pT:(a)p. Then T\n is a homomorphism with kernel Ln L* . The 
Kadison Transitivity Theorem implies it is surjective. Indeed, let u € L{pH) be unitary. Since tt is injective. 



Theorem 5.4.5 of |KR| provides a unitary v £ A such that pT:{v)p = u. Since 7r(?;) and p'k(v)p are both unitary, 
p must commute with 7r(w). (This is well known, but see a closely related result in Lemma 1.11 below.) So 
V £ N and T{v) = u. This shows that the image of TV contains all unitaries in L{pH), and so is all of L{pH). 
The image of N is an ideal of codimension at most 1. We may clearly assume n > 2; then L{pH) has no proper 
ideals of codimension at most 1, so T\n must be surjective. 



By Theorem 4.6 of ^jj^ (essentially Proposition 2.6 of |AP1|), there are hi, . . . , hn £ N satisfying T{hj) — pj, 
< hj < 1, and hjhk — for j ^ k. Then 

Whja^hjW > \\pTT{hj)7r{aj)Tr{hj)p\\ = \\pj7r{aj)pj\\ = (7r(aj)Cj, Cj) > I - S. 

The proof of Lemma 1.7 of | |Cn2[ provides a projection qj G hjAhj such that \\qjhjajhj — qj\\ < 25. Since 
hjhk = for j k, we also have qjQk = for j ^ k. Moreover, \\qjaj — qj\\ < 12(2(5)^/^ < e by the previous 
lemma. I 

Lemma 1.3. Let ^ be a unital purely infinite simple C*-algebra, and let C A be a finite subset consisting 
of positive elements a satisfying a < a < [3 for fixed positive real numbers a and [3. Then for all p > there 
is (5 > such that the following holds: If there are positive elements ci, . . . ,c„ e A with |jcj|| = 1 such that 
llcj-acj — Aj(a)c||| < 6 for 1 < j < n, a e _F, and some numbers \j{a) £ [a,/?], then there are nonzero mutually 
orthogonal projections pi, . . . ,p„ € A such that \\pja,pk — (5jfeAj (a)pj || < p for 1 < j < n and a £ F, where Sjk 
is the Kronecker delta. 

Proof: Without loss of generality P — 1, I £ F, and Xj{l) = 1 for all j. (If /3 7^ 1, we can rescale by 
multiplying by 1//3. If 1 is already in F but Aj(l) ^ 1, it does no harm to redefine Aj(l).) The proof is now by 
induction on the number of elements of F, but to make the argument work we require the additional conclusion 
\\PjCj — PjW < p for 1 < i < n. If -F has only one element, then it is 1, and the existence of the required 
projections pj is just Lemma 1.2. 

Assume now that F has more than one element, and that the lemma is known to hold for all smaller such 
sets. Define /x = ap/15. (Then in particular < ^ < p/5.) Choose b £ F with 6 7^ 1, and let Fq = F \ {b}. 
Use the induction hypothesis to choose 6 with Q < S < p, such that the conclusion of the lemma holds for Fq in 
place of F and p in place of p. Let gi, . . . , (7,1 be the nonzero mutually orthogonal projections provided by the 
conclusion. 

Set = Aj(6)-i/2(7jfei/2. Then 

\\xjX*-qj\\ < -Wqjbqj - Xj{b)qj\\ 
■' a 



- (4||g,c, - q,\\ + ||9,|l|lc,6c, - A,(6)c^^||||g,|l) < -{^p + 6) < ^ = ^. 



By Lemma 0.1 there exist partial isometrics Vj such that VjV* = qj and \\vj — Xj\\ < p/3. 

Lemma 1.2 provides nonzero mutually orthogonal projections ei, . . . , e„ such that \\ejV*Vj — ej\\ < p/24 for 
^ ^ j n. It follows that \\v*VjejV*Vj — ej\\ < p/12, and applying functional calculus to v*VjejV*Vj yields a 
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projection /-,- < v*Vj such that |l/j~ej|| < p/6. Since the ej are mutually orthogonal, it follows that ||/j/fc|| < p/3 
for j ^ k. Define pj = VjfjV* < qj. 

Since pj < qj , the pj are mutually orthogonal, and the corresponding properties of the qj imply that \\pjapk ~ 
(5jfeAj (a)pj II < [I < P for I < j, k < n and a Cz Fq and that \\pjCj — pj\\ < p < p for 1 < j < n. Furthermore, in 
the estimate of Ha^ja^j — qj\\ above we saw that \\qjbqj — Xj{b)qj\\ < bp, which is at most p. The same estimate 
therefore holds with pj in place of qj . 

It remains to estimate ||pjfepfe|| for j ^ k. Using Aj(6)^/^, Afe(6)^/^ < 1 in the last step, we have, for j ^ fc, 

||p,6p,|| = \\p,qMkPk\\ = \M'''><k{hf/^\\p,x,xlpk\\ < \,{b)-'/^\k{b)-'/^f,v*x,xlv,M\ 

< \,{bY'^\k{bf'^ {\\f]V*v,vlvkfk\\ + \\xk\\\\xj-vj\\ + llxfe -t-fell) 

< \,{bY'^\u{bf/^ (||/,M| + A,(5)-i/2p/3 + p/s) < p. 



The main technical parts of the proof of the next lemma are the excision of pure states (see |AAP|) and the 



previous lemma. (Note that Proposition 2.3 of |AAP| and Lemma 1.4 imply that every state on a unital purely 



infinite simple C*-algebra is a weak* limit of pure states.) 

Lemma 1.4. Let A be a unital purely infinite simple C*-algebra, and let w be a state on A. Then for every 
e > and every finite subset F G A there exists a nonzero projection p £ A such that ||pap — w(a)p|| < e for all 
a G F. 

Proof: Without loss of generality, we may assume 1 G F and that F consists of positive elements of norm 
at most 1. It further suffices to prove the lemma using the set {^(1 + a) : a G F} instead of F; thus we may 
assume without loss of generality that a > ^ for all a G F. In particular, if p is any state on A, then p{a) > ^ 
for all a G F. 

Since the set of all states is the weak* closed convex hull of the set of pure states, there are ai, . . . , Q!„ G [0, 1] 
and pure states wi, . . . , of A such that J2^=i ^ 1 ^"^^ \^{'^) ^ < for all a G F. Choose 



(5 > as in Lemma 1.3 for F and the number p = ej (2n^). Excision of pure states (see Proposition 2.2 of | AAP|) 
implies that there are positive elements ci, . . . , c„ G A of norm 1 such that || CjOCj — tjj(a)c| || < (5 for \ < j 
and a € F. Apply Lemma 1.3 with Xj — LOjlp to obtain nonzero mutually orthogonal projections gi, . . . , g„ G A 
such that Wqjuqk — SjkUjj{a)qj\\ < e/(2n^). 

Since a is purely infinite and simple, there exist isometries Si, . . . , s„ G A such that pj = SjS* < qj. Define 

s = X]j=i '^y^^j- Since the pj are orthogonal and '^j — 1j one immediately checks that s is an isometry. 

Define p — ss*. Then, for a G F we have 

llpap- u;(a)p|| = ||s*as - u;(a) • 1|| < - + ^ a^^a^/^lj s*asfc - JjfcWj (a) • 1|| 

J, k=l 

n 

£ ■^-^ 1/2 1/2,1 r / N ,, e 9 £ 



- -r ^ J/^al^^\\pjapk~SjkUjj{a)pj\\ < -+71^^ 



since a j < 1 and pj < Qj . 



Lemma 1.5. Let A be a unital purely infinite simple C*-algebra, let T : yl ^ Af„ be a unital completely 
positive map, and let (p : M„ ~* Ahe a (not necessarily unital) homomorphism. Then for every e > and every 
finite subset F C A there exists a partial isometry s E A such that s*s = ip{l) and ||s*as — ip{T{a))\\ < e for all 
a G F. 

Proof: Without loss of generality we may assume 1 G F and that all elements of F have norm at most 1. 
Choose p > such that p < min(l, e/4), and also so small that if q and q' are projections such that \\qq'\\ < ip 
then there are orthogonal projections r and r' unitarily equivalent to q and q' respectively. Define S — p/{3n'^); 
then < 6 < ejv?. 
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Let {^1, . . . ,(^„} be the standard orthonormal basis of C", and let Cki, for 1 < fc, ^ < be the standard 
matrix units satisfying eki^j = Sji^k- FoUowing Theorem 5.1 of |Q and the preceding discussion, define a state 
on Mn (g) A by 



, fc, 1=1 



) n 
k, 1=1 



(Note that w(l) = 1 because T{1) = 1.) As there, we then have 

n 

T{a) = E i^ieu ® a)eu 

k, 1 = 1 

for a e A. By Lemma 1.4, there is a nonzero projection po G Af„ (g) A such that \\po{eij ® a)po — Lo{eij ® a)pn\\ < 6 
for all a e F and I < i, j < n. 

Since M„ (g) A is purely infinite and simple, there is a nonzero projection p € Mn 'S> A, with p < po, such that 
there are partial isometries si, . . . , s„ e Af„ (g) A satisfying SjS* = p and s*Sj = en (g ipicjj). We then have 

a)sj - u;{eki <Si a)(eii (g) </'(eij))|| < (5 

for all a G F and I < i, j k, I < n. 

Define c — X]fc=i(6ifc l)'Sfe G (g A. One checks that for a E F we have 

n 

c*(eii(ga)c= ^ Sfc(eM(ga)si, 
fc, ;=i 

from which it follows that 

||nc*(eii (g a)c - en (g (/3(r(a))|l 

n 

< n ^ Pfclefci g) a)si - w(efci g) a)(en ® "^(efci))!! < "-^<5- 

kj=l 

Putting in particular a = 1, we obtain |lnc*(en (g l)c — en (g iy9(l)|| < n^S. Set 

d = Vn(eii (E) l)c(en (g (^(l)) € (en (g l)(A^n «> A)(en «> 1). 

Then \\d*d — en (g V'(l)ll < "•'^'^i so Lemma 0.1 implies that d{d*d)~^^^ (with functional calculus taken in 
(en g) (p{l)){Mn g) A)(eii (g <y3(l))) is a partial isometry in (en (g 1)(M„ (g v4)(eii (g 1) satisfying 

[d{d*d)-^/^]*[did*d)-^^^]^eii(g)ipil) and ||d(d*d)-i/2 - d|| < n^ij < p. 

Let s G A be the partial isometry such that d{d*d)^^/^ = en (g s. We check that s satisfies the required 
estimates. First note that ||nc*(eii g) a)c — en (g (p{T{a))\\ < n^6 impHes that 

||d*(en «> a)d - en g) (yf(T(a))|| < n^S. 

Moreover, ||eii (g s — < p implies that \\d\\ < 1 + p < 2. Therefore 

\\s*as - (p{T{a))\\ ^ ||(en g) s)*(en g) a)(en g) s) - en g) <^(T(a))ll < 2p + p + n^iJ < £, 

since ||a|| < 1 for all a E F.t 

The following lemma and its proof were inspired by Kasparov's Stinespring theorem for Hilbert modules 

(ii). 

Lemma 1.6. Let A be a unital C*-algebra, and let T : Mn ^ Ahe unital and completely positive. Denote by 
{cij} the standard system of matrix units in M„. Then there exists a partial isometry t G Mn g) M„ (g A such 
that 

t*i = en g) en g) 1 and t* {b (g> 1(g) l)t = en (g> en (g) T{b) 

for b G Mn- 
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Proof: Set x — X)" j=i ^ij ^ ^ij ^ ® ^'^n- Note that n is a projection, so x is positive. Therefore so is 

n 

V = (idM„ ®T){x) = ^ ® T(ey) G M„ ® A. 

i,j = i 

Write y^^^ = "^27 j=i ^ij ® ^'-'^ suitable € M„ ® vl. Since y^^^ is selfadjoint and has square we obtain 
a*f. = Qki and au«jfe = ^(eifc) for 1 < i, fc < n. 

Define t = X)" j=i ^ii ® ^ji ® '^ji- ^ computation shows that 

n 

t*{eik (8) 1 (8) l)i = en (g) en (g) ^ ay-a^fe = en ® en ^ T{e^k)- 

It follows that r(6(8)l(g)l)i = en <8)en (8)T(5) for all b e Af„. In particular, t*t = en <Xien <8iT(l) = en<8ien<8il. 
The last equation implies that i is a partial isometry. I 

Proposition 1.7. Let v4 be a unital purely infinite simple C*-algebra, and let : A ^ yl be a nuclear unital 
completely positive map. Then for every e > and every finite subset F <Z A there exists a nonunitary isometry 
s € A such that \\s*as — V{a)\\ < e for aU a e F. 

Proof: By the definition of nuclearity, 1^ is a pointwise norm limit of maps of the form T o S, with n e N 
and S : A Af„, T : Mn A unital and completely positive. Therefore it suffices to prove the proposition for 
maps of the form T o S. 

Let {cij} be the standard system of matrix units in Af„. Since A is purely infinite and simple, so is A^„®M„(g)A. 
Therefore there is ti G Mn ^ Mn (E) A such that 

t^ti = 1 and titl < en en (8) 1. 

Apply the previous lemma to T, and call the resulting partial isometry t2. Define a (nonunital) homomorphisni 
ipo : Mn — !■ A by identifying A with the corner 

^0 = (en «i en «) 1)(M„ (g) M„ (g) A)(en «> en 1), 

and setting (po{b) = ti(6 g) 1 g) l)tl. Set t = tit2, which is an isometry in Aq, and regard it as an element of A. 
Then, using the result of the previous lemma, we have T{b) = t*ipo{b)t for all b € M„. 

Let p = titl, which we also regard as an element of A. Since A is purely infinite and simple and 1 — p ^ 0, 
there is a nonzero homomorphism cpi : M„ ^ (1 — p)A{l ~ p). Define (p : M„ ^ A hy f{b) = ^aib) + fiib). 
Then we stih have T{b) = t*ip{b)t for aU b € Mn- 

Use Lemma 1.5 to choose a partial isometry sq Cz A such that SqSq = ip{l) and ||sQaso ^ ¥'('5'(a))|| < £ for all 
a G F. Set s — sot. Then for a G F we have 

\\s*as - T{S{a))\\ = \\t*s*oasot - t*ip{S{a))t\\ < e. 

Moreover, s is an isometry because SqSq > tit\ > tt* , and it is not unitary because in fact SqSq > titl. I 

The following lemma will be used to control the completely bounded norms of perturbations of maps on finite 
dimensional operator spaces. For now, we only need to know that the map W of the lemma satisfies ||PF||cb, 
||W^"^||cb < 1 + £ for \\ai — bi\\ small enough, which is contained in the proof of Proposition 2.6 of [JP|. The 
more explicit estimate will be relevant in Section 6. 

Lemma 1.8. Let ^ be a unital C*-algebra, let ai,...,a„j e ^ be linearly independent, and assume that 
E = span(ai, . . . , is unital and selfadjoint (and hence an operator system in A). Define 





m 




< max |a/| : 

1 l<l<m 


am 

1=1 


-I 



M = sup ■ 

Then for bi, . . . ,bm G A, the linear map W : E ^ span(6i, . . . , given by W{ai) = 6;, satisfies 

m 

||iy||eb< l + mM^||a,-6,|| 
1=1 
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and, if 'mMJ2h=i Ik; ^ ^iW < li then 

||W^"'||cb< 1^1- mM^lla,- 6,11^ • 

Proof: Give C™ the norm ||(q!i, . . . ,Q;m)||oo — niaxi<;<m \ai\. Define Q : E C" by sending ai to the Z-th 
standard basis vector ^j, and define R : C™ ^ A by ^ h — ai. Then ||Q|| — M and ||i?|| < J2l=i W'^i ~ 

We have, using Lemma 2.3 of |EH|, 

m 

WRoQWch < m\\RoQ\\ < mR4Y,\\ai-bi\\. 

1=1 

Since W{a) = a + R{Q{a)), the estimate on ||H^||cb is now immediate. We further have, for any n and any 

a e Af„ (g) E, 

||(idM„®VF)(a)|| > ||a||-||[idM„®(i?og)](a)|l > ||a|| (1 - ||i? o Q||,b). 



Therefore 



for all 



(idAf„(g)M/)-i|| < il-mMj2\\ai 



1=1 



We will need the following variant of an argument from one of the proofs of |Kr3|. 

Lemma 1.9. Let A be a unital C*-algebra, let £' C A be an operator system, let _ff be a Hilbert space, and let 
5 : i5 — *■ L{H) be a unital selfadjoint completely bounded map. Then there exists a unital completely positive 
map T : L{H) such that \\T\e - 5'||cb < ||5'||cb - 1- 

Proof: Wittstock's generalization of the Arveson extension theorem (see Theorem 7.2 of [Q) provides a 
linear map Q : A ^ L[H) such that ||Q||cb = ll'5'||cb and Q\e = S. Replacing Q b y x i— > ^((^(.t) + Q{x*)*)^ we 
may assume in addition that Q is selfadjoint. Now apply Proposition 1.19 of |Ws| (see also the original version 
in the proof of Theorem 4.1 of |K^r3(| ) to obtain a unital completely positive map T : A L{H) such that 
\\T- Qllcb < IIQIIcb - 1. Then also ||T|£; - 5||cb < ||^||cb -1.1 

The following lemma is the second main technical result of this section. 

Lemma 1.10. Let A be a separable unital exact C*-algebra, let E' be a finite dimensional operator system in 
A, and let e > 0. For every 5 < e there exists an integer n such that whenever Bi and B2 are separable unital 
C*-algebras, with B2 nuclear, and V : E ^ Bi and W : E ^ B2 are two unital completely positive maps such 
that V is injective and : V{E) — > E satisfies \\V~^ (E) idM„ || < 1 + <5, then there is a unital completely 
positive map T : Bi ^ B2 such that \\T oV ~ W\\ < e. 

Proof: Let p = {e ~ 6)/[2{l + 6)] > 0. Since A is exact, it has a nuclear embedding in L{H) for some Hilbert 



space H. (See [Kr3 , |Kr4|, or Theorem 9.1 of [Wg].) We may thus assume that A is a unital subalgebra of 
L{H) with the inclusion map nuclear. Let {oi, . . . ,0™} be a basis for E. Choose /i > small enough (using 
the previous lemma) that if hi^ . . . ,b,n G L{H) satisfy ||a; — 6;|| < fi, then the map T{ai) = bi, from E to 
span(6i, . . . ,6m), satisfies ||T'~^||cb < 1 + p. By nuclearity of the inclusion, there are n and unital completely 
positive maps Si : E ^ M„ and S2 ■ M„ L{H) such that the elements bi — S20 Si{ai) satisfy \\ai — bi\\ < fi. 
Let T be as above, using this choice of 61, . . . ,bm, and let F ~ Si{E), which is an operator space in M„. 
Define S2 : F ^ E hy S2 = T'^ o 5^2- Then 52 is unital, 5*2 o 5i = id^, and ||52||cb < 1 + /?• Moreover, from 
Si{x*) = Siix)* for xeE,we get S2iy*) = ^2(2/)* for y e F. 

Further choose, using the nuclearity of B2, an integer r and unital completely positive maps Wi : E Mr 
and W2 ■■ Mr ^ B2 such that \\W2 oWi - W\\ < p. Since is a subspace of Af„ and \\Wi o S2\\ch < 1 + p, 
Lemma 1.9 provides a unital completely positive map Q : M„ Mr such that ||Q|_f ~ Wi o 5*211 < p. 

Now consider Si o V^^, which is a linear map from V{E) to M„. Since Si is unital and completely positive, 
we have 

||(5ioT/-i)®idAfJ| < \\Si\U\\V-^<i^idMj\ <l + 6. 
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By Proposition 7.9 of |Q, this implies that HS'ioy^i H^b < 1+S. Also, SioV^^ is unital and selfadjoint. Applying 
Lemma 1.9 again, we obtain a unital completely positive map R : Bi Mn such that — Sio V~'^\\ < S. 

We then have 

\\W2oQoR\y^E)-WoV-^\\ 

< \\W~W20 Wi\\\\V-^\\ + ||T4^2||||Q o R\v{E) -W10S20S10 

< p(i + 6) + \\R\viE) - Si o + \\q\f - Wi o S2\\\\Si o 

< p{l + 5) + 6 + p{l + 5) = e. 

Thus, T = W2 o Q o R is a unital completely positive map from Bi to B2 whose restriction to V{E) differs in 
norm from W o by less than e. I 

The following result is known in the important special case in which the right hand side of the inequality is 
zero. It is easy to give an example to show that the exponent i can't be improved, but this also follows from 
the example after the next (more significant) lemma. It turns out that it is even impossible to improve the 
constant \/2- 

Lemma 1.11. Let ^ be a unital C*-algebra, let u e ^ be unitary, and let s € ^ be an isometry with range 
projection e — ss*. Then 

||u - [eue + (1 - e)u(l - e)]|| < inf{(2||s*us - v\\)^^'^ : v e A unitary}. 
Proof: We prove that if v G A is any other unitary, then 



||u - [eue + (1 - e)u(l - e)]|| < y/2\\s*us - v\\. 
The element svs* is a unitary in eAe and 

\\eue — svs*\\ — \\s*sus*s — svs*\\ < \\s*us — v\\. 
So ||(eMe)*(eue) - e|| < 2\\s*us - v\\. Now 

e — eu*ue — {eue)* (eue) + [(1 — e)ue]*[(l — e)ue]. 

Therefore 

|l[(l-e)7ie]*[(l-e)ue]|l < 2\\s*us-v\\, 
so that 11(1 — e)we|| < y^2\\s*us — v\\. Similarly, using uu* = 1 instead of u*u = 1, we get |jeu(l — e)|| < 
y/2\\s*us — v\\. Since e is orthogonal to 1 — e, it follows that 

[eMe+ (1 - e)u(l - e)]|| = ||(1 e)ue + eu(l - e)|| < ^/2\\s*us~ v\\. 

I 

Lemma 1.12. Let Ahc a. unital C*-algebra, let s and t be two isometrics in A, and let Z3 be a unital subalgebra 
of A which is isomorphic to O2 and such that every element of D commutes with s and t. Then there is a unitary 
z Cz A such that whenever u and v are unitaries in A commuting with every element of D, then 

r -|i/2 

— w||<ll max(||s*us — ti||, ||<*wt — 

Proof: Let B be the relative commutant of D in A. Then s and t, along with all possible choices of u and v, 
are in B. Since O2 is nuclear, there is a homomorphism from O2 ® B to A which is the identity on B and sends 
O2 to D. Therefore we may as well take A = O2 ^ B, with s, t G B. We have to show that there is a unitary 
z € O2 (8) B such that whenever u and v are unitaries in B, then 

-,1/2 



||z(l iSi u)z* - 1 (g) w|| < 11 



max(||s*MS — \\t*vt — 



The unitary z will chop 1 (g) w in pieces and reassemble them in a different way. To construct it, we start by 
defining an assortment of projections and partial isometrics. Define 

ei — ss* and /i ~ tt*, 
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and further define 

e2 = s/is*<ei, /2 = teit*</i, and /s = ^2^* < /2. 
Then define two sets of mutuahy orthogonal projections summing to 1 by 

Pi = l-ei, P2= 61-62, and Pz = e2 

and 

91 = 1 - /l, 92 = /l - /2, 93 = /2 - /s, and 94 = /3- 

Next, construct partial isometries 

ci=P2sqi, C2=pii*52, 03=^2**93, and 04=^3**94. 

One checks that 

c^ci = gi and cic^ =P2, 

while 

c*Cj = Qj and c^c* = _Pj-i 
for j = 2, 3, 4. Let Si and S2 be the standard generators of 02- Define 

2 = Sl (g) Ci + 1 ® C2 + S2 (81 C3 + 1 (g) C4, 

which is easily chocked to be a unitary in O2 'S) B such that 

z(l (g) = sisj (g)p2, -2(1 (8) 92)2;* = 1 (g Pi, 2(1 ® 93)2* = S2S2 8ip2, and z(l (g) (3'4)z* = 1 ® P3. 
Now let u, w e -B be unitaries. Set 5 = max(|| s*ms — — Using sqi = P2S and p2 < ss*, we obtain 

||ci(9lU9l)c^ -P2UP2II = \\P2SVS*P2 - P2UP2\\ 

= \\P2SVS*P2 — P2SS*USS*P2\\ < \\v — S*Us\\ < 6. 

Similarly, for j = 2, 3, 4 one gets 

\\cj{qjvqj)Cj — pj-iupj-i\\ < \\t*vt — u\\ < 5. 

One checks that 

z[l(g) {qivqi + q2vq2 + q^vqs + q4vq4)]z* 

= sisl (g) ci{qivqi)cl + 1 (g C2{q2vq2)c2 + S2S2 ® C3{q3Vq3)cl + 1 (g C4{q4,vq4)cl, 
so that (using si-sl + S2S2 = 1) 

||2;(1 (g v)z* - liS)u\\ < 6 + \\qivqi + q2vq2 + qsvqs + qtvq^ - v\\ + \\piupi +P2UP2 + p^ups - 
We now have to estimate the last two terms in the last inequality above. Recall that ei = ss*, so that 



||u - [eiuei + (1 - ei)u(l - ei)]|| < ^J2\\s*us-v\\ < V25 
by Lemma 1.11. Since €2 = stt*s*, we get 

\\e2ue2 — stut*s*\\ < \\t*s*ust — u\\ < \\s*us — v\\ + \\t*vt — u\\ < 26. 

So 

||u - [e2ue2 + (1 - 62)^(1 - e2)]|| < V^d, 
again by Lemma 1.11. Compressing by ei > 62, we get 

lleiitei — [62^62 + (ei — e2)u(ei — 62)]!! < V^. 
Recalling the definitions of pi, p2, and ^3, it follows that 

Wpiupi +P2UP2 +P3up3 — u\\ < (^V2 + Vt^ Vs. 

A similar sequence of estimates, with one more step and using the equations /i = tt* , /2 = tss*t*, and 
fs = {tst){tst)*, gives 

\\qivqi + q2vq2 + q3vq3 + q^vqi - v\\ < (^\/2 + -\/4 + VO^ \/S. 
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Wa = 



We note that necessarily ^ < 2, so that S < V25. We can therefore put our estimates together to get 

||^*(l(g)u)^- lOull = 11^(1 - l(g)u|| < y/2+ (y2 + Vtj + (y2 + Vl+Vtj V5<nVS. 

I 

The exponent ^ in this lemma can't be improved, as wo now show by example, even if z is allowed to depend 
on u and v. It follows from the proof of the lemma that the exponent ^ can't be improved in the previous 
lemma either. (We will also see a more indirect proof of this below: any improvement here would imply a a 
corresponding improvement in the exponent in Proposition 4.13, but Remark 6.11 shows that no improvement 
is possible there.) 

Example 1.13. Let D = M2 ® 02- Let si and S2 be the two standard generating isometrics of O2, and set 
Pj = SjS*y Let a e K, and define a unitary Wa € M2 by 

cos(a) sin(Q) 
— sin(a) cos(a) 

Use the fact that any two nonzero projections in M2 (S) O2 are Murray-von Neumann equivalent to choose 
c e M2 ® O2 such that 

c*c=l®p2 and cc* = ^ ^ ) 

Then set 

u = Woi®l, V = Wa®Pi + '^®P2, s=l®pi+c, and t=l®S\. 

Then 

s*us = Woi®Pi+ cos(a)(l (g) P2) and t*vt = u. 

Therefore 

max(||s*us — v\\, '^t*vt — = 1 — cos(a). 

Also 

sp(w) = {exp(ia), exp(— ia)} and sp(u) = {exp(ia), l,exp(— ia)}. 

Therefore, if A is any C*-algebra at all which contains as a unital subalgebra, and if z is any unitary in A, 
we have 

\\z*uz -v\\>\ exp(ia) - 1| = ^2(1 - cos(a))^/^ 

I 

Our first application of the technical results of this section is the following lemma and theorem. 

Lemma 1.14. Let A be a separable unital exact C*-algebra, and let B he & separable nuclear unital purely 
infinite simple C*-algebra. Let (fi,il> : A ^ Bhe two injective unital homomorphisms. Then the homomorphisms 
from Aio O2® B, given by a 1— > 1 (g) <^(a) and a 1— > 1 V'(^)> are approximately unitarily equivalent. 

Proof: Let ui, . . . , u„ e ^ be unitaries, and let e > 0. We prove that there is a unitary z G O2® B such that 

11^(1 O (p{uj))z* -10 ip{uj)\\ < e 

for 1 < j < n. Let 

E = span{l,ui,Mi, . . . 

which is a finite dimensional operator system. Lemma 1.10 applies to ip\E and ^P\e (with 6 = 0), and provides 
unital completely positive maps S, T : B ^ B such that 

\\S o - ^\e\\ < ^ and \\T o ^\e - ^pIeW < I . 

In particular, 

\\S{^{u,))-i;{u,)\\<l[^y and \\Ti^(uj))-^iu,)\\<^[^^' 
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for 1 < j <n. Proposition 1.7 then gives isometries s, t Q B such that 

\\s*^{uj)s - VKOII < and \\t*^iuj)t - ^{uj)\\ < (^)' 

for 1 < j < n. The existence of the required unitary z ^ O2 <S) B now follows from Lemma 1.12. I 
As a corollary, we obtain: 

Theorem 1.15. Let A be a separable unital exact C*-algebra. Then any two injective unital homomorphisms 
from A to O2 are approximately unitarily equivalent (Definition 0.5). 

Proof: Let Lp, tjj : A ^ O2 be injective and unital. Let fi : O2 ® O2 ^ O2 he an isomorphism (from Theorem 
0.8), and let (} : O2 ^ O2 ® O2 he fi{a) = 1 ® a. Then ji o (} is approximately unitarily equivalent to idoj 
by Proposition 0.7. Also, p o is approximately unitarily equivalent to /3 o ^ by Lemma 1.14. Thus is 
approximately unitarily equivalent to fio (3 o ip^ which is approximately unitarily equivalent to fio p oijj, which 
in turn is approximately unitarily equivalent to ip. I 

2. Embedding in O2 

The main result of this section is that every separable unital exact C*-algcbra can be unitally embedded 
in 02- The algebra of bounded sequences modulo sequences converging to zero plays an important role in the 
proof, so we begin by establishing notation concerning it. 

Notation 2.1. For any C*-algebra D, we denote by 1°°{D) the set of bounded sequences d= (di, ^2, • . • ) with 

values in D. It is a C*-algebra with the obvious operations and norm. For compatibility with the notation for 
ultrapowers below, we define Coo(-D) = Co(N) (g) D C 1°°{D) and = l^{D)/c^{D). We denote by tt^^ (or 
TToo when D is clear from the context) the quotient map 1°°{D) — > D^o- 

The technical results of the previous section imply fairly directly that if A is separable and exact, and has 
an embedding in (02)00 which lifts to a unital completely positive map to l°°{02), then A has an embedding 
in 02- In particular, this applies to quasidiagonal exact C*-algebras. The rest of the section is devoted to the 
extension from the quasidiagonal case to the general case. It is possible to embed any separable C*-algebra in a 
crossed product of a quasidiagonal separable C*-algcbra by Z, and the method is to show that crossed products 
by Z of exact C*-algebras embeddable in O2 are again embeddable in O2. 

Lemma 2.2. Let A be a unital separable exact C*-algebra. If there is a unital injective homomorphism from 
A to (02)00 = '°°(02)/coo(02) which has a lifting to a unital completely positive map from A to l°°{02), then 
there is an injective unital homomorphism from A to O2. 

Proof: Let : A — > (02)00 be a unital injective homomorphism which has a lifting as in the hypotheses of the 
lemma. Let Ui,U2, ■ ■ ■ be a sequence of unitaries in A whose linear span is dense in A. Define finite dimensional 
operator systems En by En = span{l, mi, u*, . . . , ■«„, 7i* }. Then C-l = Eo(zEi(Z---(zA and IJ^o ~ ^■ 
We first show that there is a unital injective; homomorphism ijj : A ^ (02)00 with a unital completely positive 
lifting a ^ V{a) = {Vi{a), V2{a), . . .) from A to /°°(02) with the following property: For each fixed n, for all 
sufficiently large m (how large depends on n), the restriction Vm\E„ is injective, and furthermore its inverse, 
defined on Vm{En), satisfies lim„i^oo ll(Kra|_E„)^^ ® idM^ || = 1 for all fc S N. 

To do this, let a t-^ Q{a) = ((5i(a), (52(0), • • • ) be a lifting of to a unital completely positive map from 
A to Z°°(02). Injectivity of ip does not imply that limm^oo \\{Qm ® idMfe)(a)|| = but we can remedy 

this by grouping the Qm together in blocks. Injectivity of ip does imply that for every € N, the map 
a ip^^'> (a) ~ TToo (Q N+i (a) , Qn+2 (a) , . . . ) is again an injective homomorphism. Therefore, for every N, k €N 
and a € (8) A, we have 

lim ||((Q7V+i®idMj(a),-.-,(Qw+m®idMj(a))|| = \\{ip''^^ <E) idM^){a)\\ = ||a||. 

m — *oo 

Since each iJ„ is finite dimensional, we can therefore construct by induction a sequence 

= ATi < A^2 < • • • < AT^ < iV„+i < • • • 
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of integers such that 

WHQn^+i ® idMj(a), . . . , (Qjv^+i ^ idMj(a))|| > (1 - 2-^)11011 

for fc < m and a e Mh 'Si Em- Let am ■ any unital homomorphism. Define Vm ■■ A ^ O2 hy 

Vm{a) = <T„(((3jv„+i(a), . . . , Qjv^+i(o)). 

Note that Vm is unital and completely positive because each Qj is, so that also V{a) = (Vi(a), V2{a), . . .) defines 
a unital completely positive map from A to l°°{02)- By construction we have limm^oo || (Kn|£;„)^^ ® idM^ II = 1 
for each fixed k, n € N. Taking k = 1, we see that the linear map ip = tTqc o V" is isometric, hence injective. 
Since \imj^oa{Qj{0'b) — Qj{a)Qj{b)) = for a, 6 e A, we also obtain limm_>oo(Kn(a&) — Kn(a)Kn(&)) = for a, 
h & A. Therefore -0 is a homomorphism, and its lifting V satisfies the required conditions. 

Choose numbers (5^ > such that 5o > 5i > ■ ■ ■ and 25m + ll-\/5^m < 2"™. Using Lemma 1.10, choose 
positive integers k{m) with k{Q) < fc(l) < ••• and such that whenever V, W : Em — > O2 are unital completely 
positive with V injective and ||y^^ ® idM^t^, || < 1 + <5m, then there is a unital completely positive map 
T : O2 ^ O2 such that ||T o y — W || < 25m- The conditions on V imply that we can pass to a subsequence in 
the variable m in such a way that Vm\En is injective for n <m, and moreover we have the estimates 

||(Vto|b„)"^ O idMfc(„) II < 1 + ^m, \\Vm{Un)*Vm{Un) - 1|| < 5m, and \\Vm{Un)Vm{Un)* - 1|| < 5m 

for all m and all n < m. 

Using these estimates and Lemma 1.10, find unital completely positive maps Sm, Tm : 02 — * such that 

\\Tm O Vm\E^ — Kn+l|E^|| < 25m and \\Sm ° Vm+l\E^ — Vm\E^\\ < 25m- 

For 1 < j < m define unitaries Xm = Vm{uj)[Vm{uj)*Vm{uj)]~^^'^ - Then \\xl^ — Vm{uj)\\ < 5m by Lemma 0.1. 
It follows that 

\\Tm{xii^) - x^£^,\\ < A5m and \\Sm{x^^+,) - a;«|| < 4^™- 
Proposition 1.7 gives isometrics Sm, tm & O2 (depending on m) such that 

W^mXir} ■''rn ^ Xm-\-l\\ < 5(5m and WtmXm+l^ni ~ X^^ \\ < 55m 

for 1 < j < m- Lemma 1.12 now gives unitaries Zm & O2 ® O2 such that 

||Z„(1 ® xli^)z*m - 1 ® xli\,\\ < 11^55;;. 

Thus 

||2m(l S Vm{uj))z:„ - 1 S Vm+l{Uj)\\ < 25m + 11^55^ < 2"™ 

for 1 < j < m- 

Now define j/„ = zj['z2 • • • z*. Then the y„ are unitaries such that lim„^2c ?Ai(l ® V„{uj))y^ exists for all j. It 
follows that the limit ipo{a) = lim„^oo ?/n(l ® Vn{a))y^ exists for all a E U^i En- Furthermore, for each n and 
m, the map Vrn\En is unital and completely positive. Therefore ipa\E„ is unital and completely positive, whence 
IIV'olBnII ^ 1- It follows that ipQ extends by continuity to a unital completely positive map ip : A ^ O2 ® 02- 
Since limm^oo(T^m(a5) — Vm{o)Vm{i>)) = for all a S IJ^^Li En, it follows that is actually a homomorphism. 
Finally, for a S IJJ^i we have ||V'(<^)|| = liiii„^oo ll^(c')ll = llc'lli from which it follows that V is isometric 
and hence injective. 

We thus have an injective unital homomorphism from A to O2 ® O2- The existence of an injective unital 
homomorphism from A to O2 now follows from the isomorphism O2 ^ O2 = O2 (Theorem 0.8). I 

Recall that a separable C*-algcbra A is called quasidiagonal (weakly quasidiagonal in some papers) if there 
is an injective representation tt of A on a separable Hilbert space H and a sequence pi < p2 < ■ ■ ■ of finite rank 
projections on H such that p„ — > 1 in the strong operator topology and lim„_>oo ||pTi7i'(a) — 7r(a)p„|| = for all 
a€ A. 

Corollary 2.3. Let A be a separable unital exact quasidiagonal C*-algebra. Then there exists a unital injective 

homomorphism from A to 02- 
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Proof: By the previous lemma, it suffices to find a unital injective homomorphism from A to 1°°{02)/cq{02) 
wfiicli lias a lifting to a unital completely positive map from A to l°°{02)- Now O2 contains a unital copy 
of every matrix algebra M^, so one can easily construct a unital injective homomorphism from any product 
n^i -^fc(n) to l°°{02)- (The product Hi^i -^fc(n) means, of course, the C*-algebra of all bounded sequences in 
the set-theoretic product.) Therefore there is a unital injective homomorphism from H^i -^fc(n)/ -^fc(n) 
to l°°{02)/ 00(02) ■ So it suffices to find a unital injective homomorphism from A to JlriLi -^/c(n)/®^i -^fc(n)j 
with a lifting to a unital completely positive map from A to JlriLi ^'^k{n), for some sequence A;(l), k{2), ... of 
positive integers. This is easy to do, and is done in Proposition 3.1.3 and the preceding remark in ||BK| . I 

We now sta rt ou r preparations for the general case. The following lemma is a variant of a result of Effros 



and Haagerup |EH], and will be used to construct the lifting in the hypotheses of Lemma 2.2. 



Lemma 2.4. Let A and B be separable unital C*-algebras, let J be an ideal in A which is approximately 



injective in the sense of |EH| (definition before Lemma 3.3), and let ip : A —^ B/J be an injective homomor- 
phism. Let H he a separable infinite dimensional Hilbert space, and suppose that the induced map of algebraic 
tensor products A (g)aig L{H) (B (X)aig L[H))/{J (g)aig L{H)) extends continuously to a (necessarily injective) 
homomorphism 

Tp : A L{H) [B 
Then there is a unital completely positive map T : A B which lifts Lp. 

Proof: Let p : B ^ B / J he the quotient map. 

We first reduce to the case A = B/J and (p = id^/j . Let Bo = p~^{ip{A)) c B, and let po = p\bo- Since 
the minimal tensor product preserves inclusions, we have J (8)min L{H) C Bq (8)min L{H) C B <^rnm L{H). So the 
hypotheses of the lemma hold with Bq in place of B. 



We now assume A^ B / J. The desired conclusion will follow from Theorem 3.4 of |EH], provided we verify the 
hypothesis (b) there, that is, that for every unital C*-algebra C, the kernel of p®iAc ; -B^minC' — > {B / J)®^{aC 
is exactly J ®min G. The hypothesis of the lemma is that this is true for C — L{ H). 

If C is separable, we may suppose C C L{H), and use Proposition 2. 6 of |]Ws| . (Alternatively, combine 
the method below for reduction to the separable case with Lemma 3.9 of |Kr3|] .) For general C, we need only 
show that ker(p (g) idc) C J ^min C. Let a £ ker(/9 (g) idc). Choose a separable subalgebra Co C C such that 
a G BigminC'o C S(g)niinC'. Usiug (-8/ J) (gmin Co C (i?/ J)(8'minC', we havc ker(/9(Kiidc) = kcr(p(g)idco)ni3(8)minC'o, 
whence a £ ker(p (g) idco)- So a e J (^min Co C J (gimin C by the separable case. I 

We now turn to the crossed product part of the construction. 

Let a : G —> Ant{A) be an action of a discrete group G on a C*-algebra A. By a covariant representation 
(w, ip) of the system (G, A, a) in a unital C*-algebra B, we mean the obvious generalization of a covariant 
representation on a Hilbert space. That is, u : G — s- U{B) is a homomorphism from G to the unitary group 
U{B) of B, (p : A ^ B is a homomorphism of C*-algebras, and u{g)(p{a)u{g)* — p{ag{a)) for all a G A and 

5eG. 

The following lemma is the easy generalization to this context of standard results on regular representations 
of crossed products by discrete amenable groups. 

Lemma 2.5. Let G be a discrete amenable group, and let a : G ^ Aut(A) be an action of G on a unital 
C*-algebra A. Let {u, (p) he a covariant representation of (G, A, a) in a unital C*-algebra B, with ip injective. 
For g £ G, let g also denote the corresponding elements of the group C*-algebra G*(G) and the crossed product 
C*-algebra C* {G, A, a). Then there is an injective homomorphism ijj : C*{G,A,a) G*{G) (E) B determined 
by ip{a) = 1(E) <p{a) for a g ^ and ipig) = 9 ® u{g) for g £ G. 

Proof: The existence (and uniqueness) oiip is immediate from the universal property of the crossed product. 
We have to prove injectivity. 

Let ttq : B ^ L{Ho) he an injective representation of i? on a Hilbert space Ho, and let A be the regular 
representation of G*(G) on the Hilbert space P{G). Then a = {\® ttq) o i/j is a representation of G*{G, A, a) 
on the Hilbert space H — P{G) E) Ho- We will prove it is unitarily equivalent to the regular representation tt of 



G*{G, A, a) on H associated with the injective representation ttq o of A. (See Section 7.7 of |Pd].) This will 



prove injectivity of "0, since G is amenable (so that tt is injective by Theorem 7.7.5 of |Pd|) 
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The two representations are given by the formulas 

(7r(a)0(5) = (tto o if o a-^){a){^{g)) and {a{a)^){g) = (ttq o ip){a){^{g)) 

for a G A, ^ G H (viewed as P{G, Hq)), and g & G, and 

= Kg) 1 and a{g) = \{g) (g) TTn{u{g)) 

for g G G. Let v be the unitary on 1'^{G,Hq) given by {vC){g) = T^o{u{g)){^{g)) for ^ e 1'^{G,Hq) and g e G. 
Then one can check directly that 

v'jT{a)v* = cr(a) and W7r(g')w* = (7(5) 

for a e A and g G G. So a is unitarily equivalent to tt, as desired. I 

In applications of the following lemma, the approximate innerness assumption will be derived from Lemma 
1.14. 

Lemma 2.6. Let B a unital C*-algebra, let A be a subalgebra of B which contains the identity, and let 
a e Aut(^). Suppose that a is approximately inner in B, that is, there is a sequence vi,V2, ■ ■ ■ of unitaries in 

B such that Iim„^co "ynafj^ = o'(a) for all a E A. Let z be the standard generator of C{S^) and let u be the 
canonical unitary in C*(Z, A, cr) which implements a on A. Then the maps 

a I— > 1 (g) 7r^(a, a, . . . ) and u 1-* z 1^ tt^ {vi,V2, ■ ■ ■) 

define an injective homomorpliism ip : C*{Z,A,a) C{S^) (g) [l°°{B)/coo{B)]. Moreover, for any unital C*- 
algebra C, this homomorphism extends continuously to an injective homomorphism 

C*(Z, A, a) 0„,in C ^ C{S^) [{r{B) C)/{coo{B) 0min C)]. 

Proof: Wc first show that the last sentence in the lemma follows from the rest. Representing everything on 
Hilbert spaces and forming the spatial tensor and crossed products, we easily see that C*{Z,A,a) (gmin C = 
C*(Z, A (g)min C,(j^ idc)- Moreover, clearly 

lim {vn (g 'i-)x{vn 1)* = ((7 idc) (a;) 

n— >oo 

for all a; e A 0rnin C. (Check on the algebraic tensor product.) The first part of the lemma (applied to both A 
and A 0iniii C) therefore implies that tp extends continuously to an injective homomorphism 

Tp : C*{Z,A,a) <g„,in C ^ 0(3') [l°°iB (g^in C)/coo(B (g^i„ C)]. 

Now /°°(i?)0minC' is a subalgebra of Z°°(B 0min C). (Represent B faithfully on a Hilbert space Hi, and represent 
1°°{B) faithfully on Z^(N) fg Hi in the obvious way. Represent C faithfully on another Hilbert space H2, and 
compare the spatial tensor products as represented on Z^(N) i/i H2.) Since 

C-ooiB) 0min C = Cqo (C) 0mm B 0min C = Cao{B 0min C), 

the inclusion of 1°°{B) 0min C in 1°°{B 0min C) gives an injective homomorphism 

[1°°{B) 0min C]/[cUB) f^min C] ^ r {B ®min C)/c^{B 0mm C). 

One immediately checks that the range of Ip is contained in the image of 

C{S^) [[1°-{B) 0mm C]/[Coo(B) 0mm C]" . 

This gives the desired extension. 

We now prove the first part of the lemma. The hypotheses immediately imply that 

{vi,V2,...) • (a,a, .. .) • {vi,V2,...)* - {a{a),a{a), . . .) G Coc{B) 

for all a S ^. Therefore 

a TT^ (a, a, ... ) and u tt^ {vi,V2, ■ ■ ■) 
define a homomorphism from C*(Z, A, a) to 1°°{B)/cod{B). Moreover, a i-^ tt^ {a, a, . . .) is injective. So 

a 1 TT^ (a, a, ... ) and m i-^- z tt"^ {vi,V2, ■ ■ ■) 
define an injective homomorphism from C*{Z,A,a) to C{S^) [l°^{B)/cao{B)] by Lemma 2.5. I 



EMBEDDING OF EXACT C*-ALGEBRAS 



17 



Lemma 2.7. Let B a separable nuclear unital C*-algebra, let A be a subalgebra of B which contains the 
identity, and let a g Aut(A) be approximately inner in B. Then the homomorphism C*{Z,A,(j) C{S^) (E) 
[l°°{B)/cooiB)] of the previous lemma has a hfting to a unital completely positive map C*(Z, A, a) C{S^) (8) 
1°°{B). 

Proof: This now follows immediately from Lemma 2.4, using C*{Z, A,(t) in place of A, C{S^) (E) 1°°{B) in 
place of B, and C{S^) E) Cqq{B) in place of J. The ideal C{S'^) ® Coo{B) is approximately injective because it is 
nuclear, and the extension to a homomorphism 

C*(Z, A, a) <E>min L{H) -> [C{S^) ® 1°"{B) (g>min L{H)]/[C{S^) ® Coo{B) L{H)] 

is obtained from the previous lemma with C — L{H). I 

Theorem 2.8. Let ^ be a separable unital exact C*-algebra. Then there exists an injective unital homomor- 
phism from Aio 02- 



Proof: The cone Co([0, 1)) ®Ais quasidiagonal by Theorem 5 of | Vc]. The C*-algebra Bq = (Co(M) ® Ay is 



the unitization of a subalgebra of Co([0, 1)) ® A, hence also quasidiagonal. It is still exact by Proposition 7.1 



(iii) and (vi) of [ Kr4 |. (Also compare with Remark 4.4 (4) of |W£|.) Therefore Corollary 2.3 provides a unital 
embedding (^o '■ Bq ^ 02- Let B — C*{'L^ Bq,t), where the action r is by translation on M and is trivial on A. 
We produce an embedding of B in (©2)00 = l°°{02)/c 00(02) which has a lifting to a unital completely positive 
map from B to l°°i02). 

Let Ti be the automorphism of Bq which generates the action, and let t/^o = <po ° ^i : Bq —i- O2. Let 
/i : 02^02 ^ O2 be an isomorphism, obtained from Theorem 0.8. Define (p, tp : Bo O2 by cp{a) = /i((po(a)'8il) 
and V'(fl) — M(V'o(a) (8" 1). Lemma 1.14 implies that is approximately unitarily equivalent to ip. Thus, using the 
embedding if of Bq in O2, the automorphism ti is approximately inner in O2 in the sense of Lemma 2.6. That 
lemma therefore provides an injective homomorphism from B to C{S^) (8) (02)00, which has a lifting to a unital 
completely positive map from B to C{S^)(E)l°°{02) by Lemma 2.7. It is easy to find an injective homomorphism 



from C{S^) to the 2°° UHF algebra D, and it follows from Corollary 7.5 of |gr| that D (g) O2 = 02- We thus 
obtain an injective composite homomorphism 

B C{S^) ® (02)00 -^Dd) (02)00 -^{Dd 02)00 ^ (02)00, 

with a unital completely positive lifting given by 

B C{S^) 8) Z°°(02) — ^ £> ® l°°{02) — >l°°{D<g O2) l°"{02). 

The crossed product B — C*{'L,Bq,t) is still exact, by Proposition 7.1 (v) of | Kr4 . Lemma 2.2 therefore 
provides an injective unital homomorphism j : B ^ O2. Now B contains as a subalgebra C*(Z, Co(K) 8) A)) = 
C(S'^) d K IS) A, and this subalgebra in turn contains an isomorphic copy Aq of A. Let p E B he the identity of 
Aq. Then 

7U0 : ^0 7(p)027(p) 
is a unital embedding of A in 7(p)027(p) = O2, as desired. I 

3. Tensor products with O2 and Ooo 

In this section, we prove that if A is a simple separable unital nuclear C*-algebra, then O2 A = O2, and 
that if, in addition, A is purely infinite, then Ooo d A = A. The key technical point is that if A is separable, 
nuclear, unital, purely infinite, and simple, and if e f3N — N, then the relative commutant of the image of A 
in the ultrapower A^, the algebra of bounded sequences in A modulo those that vanish at uj, is again purely 
infinite and simple. Once we have this simplicity result, the rest of the proof that Ooo 8) ^ = ^ is done by 



essentially the same methods as those of |Rr3]. (We actually prove, for future use elsewhere, a somewhat more 
general statement. This disguises the similarity with |Rr2] a little.) 
We begin by establishing notation for ultrapowers. 
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Notation 3.1. Wc adopt the following notation regarding ultrapowers and associated objects. Let D be a 
C*-algebra. Then (as in Notation 2.1) denotes the C*-algebra of bounded sequences with values in D. 

For any d = {di,d2,- ■ ■) G 1°^{D), the function n i-^ \\dn\\ is bounded and thus defines a continuous function 
on the Stone-Cech compactification /3N of N. Therefore for each uj S /3N — N, the limit lim„^ij \\dn\\ exists. In 
particular, it makes sense to define limn^ujdn = to mean lim„_>t^, = 0. We then define a closed ideal 
Cu{D) in 1°°{D) and the corresponding quotient by 

c^{D) = {d G I'^iD) : lim d„ = 0} and = 1°° (D) / c^D) . 

n — 

Denote the quotient map by 7ri^^ : 1°°{D) D^. If D is clear from the context, we sometimes write tToj. Note 
that ||7rif'^(c;)|| = lim„^^ ||d„||. 

We will regard as a subalgebra of D,^ via the diagonal embedding of D in 1°°{D). 

If A is a subalgebra of a C*-algebra B, we denote hy A' nB the relative commutant of A in B. In particular, 
with the identification above, we denote by D' fl the relative commutant of D in Di^. 

Remark 3.2. If F is a finite dimensional C*-algebra, then tt^T'' is an isomorphism. More generally, if F is 
finite dimensional and D is arbitrary, then tt^/'®^'' defines an isomorphism (F (g) Z?)„ F D^. 

The following lemma contains the main part of the proof that A' n Ai^ is simple. 

Lemma 3.3. Let A be a separable nuclear unital purely infinite simple C*-algebra, and let uj G /?N — N. Let a, 
6 e A' n be selfadjoint with sp(6) C sp(a). Then there is a nonunitary isometry s & A' f\ A,^ such that ss* 
commutes with a and s*as = b. 

Proof: Scaling both a and b by the same factor, we may assume that ||al|, < 7r/2. Let v = exp(«a), and 
let X = sp{v), which is a subset of intersected with the right halfplane. Let z G C{X) be the standard 
generating unitary, z{Q = (. Then the assignments 

z ^1>-^ V and 1 (g) a; i— > 'iTi^{x, x,. . .) 

define a unital homomorphism ip : C{X) ^ A ^ A^^, and similarly the assignments 

^ (g) 1 1— > exp(i6) and 1 (g a; i— > 7ra,(a;, a;, . . . ) 

define a unital homomorphism ip : C{X) (g) A A^^. 

We prove that cp is injective. (Note that ip need not be injective.) To see this, note that, since A is simple, 
ker((^) must have the form Co{U) (g) A for some open subset U d X.liU then there is a nonzero continuous 
function / G Cq{U). This gives = ip{f (g) 1) = f{v), contradicting the fact that / is a nonzero element of 

Since C{X) A is nuclear, there are, by Theorem 0.3, unital completely positive maps V, W : C{X) A — > 
1°°{A) which lift and -ijj. Then V has the form V{x) = {Vi{x), V2{x), . . .) for unital completely positive maps 
Vm '■ C{X) A ^ A, and similarly W{x) = {Wi{x), W2{x), . . . ) with Wm unital and completely positive. We 
next want to apply Lemma 1.10, and for this we need information on the injectivity of Vm on finite dimensional 
subspaccs. 

Choose a sequence ui,U2, ■ ■ ■ of unitaries in A whose linear span is dense, and let En C C{X) (g A be given 

by 

En = span{l, x (g 1, ^* (g) 1, 1 (g) Ml, 1 (g . . . , 1 (g u„, 1 (g u*}. 
Temporarily fix n and k. For x G En® Mk C C{X) ® A® Mk, we have (using Remark 3.2 and the definition of 
Cco{A) in the first step and injectivity of idMt the second) 

lim \\{Vm®idM,){x)\\ = ||(v5(gidMj(aO|| = 

m—*w 

Since En is finite dimensional, it follows that there is a neighborhood U of a; in /3N such that for all m G f/ fl N, 

the map Kn|E„ is invertible; moreover, liuim^uj \\{Vm\E^)~^ <g idMs II = 1- This holds for all n and k. 

Using Lemma 1.10, choose positive integers k{m) with fc(0) < fc(l) < • • • and such that whenever V , 
W : En ^ A are unital completely positive with V injective and ||V^~"^ (g idju^f^) || < 1 + l/m, then there is 
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a unital completely positive map T : A ^ A such that ||roy — T4^|| < 2/m. Choose a decreasing sequence of 
neighborhoods Ui D U2 D ■ ■ ■ of w in /3N such that for all m G ?7„ n N we have 

||(Kn|isJ"'®idA4(„, II < 1 + 

Replacing [/„ by C/„ — {1, 2, . . . , n}, we may assume that N n Pl^^i Un — 0- (Note that we can't have Un = 

{to}, since uj doesn't have a countable neighborhood base. However, it is certainly true that if / : N ^ C is 
a function such that lim„^oo sup^g^^^ l/(™)l — 0, then lim„^t»j /(n) — 0.) Lemma 1.10 now provides unital 
completely positive maps : A ^ A such that \\Tjn oVm\E„ — Wm\E„\\ < 2/m for m S (f/„ — Un+i) n N. By 
Proposition 1.7 (combined with the compactness of the closed unit ball of En), there are nonunitary isometries 
Sm e A for TO e {Un — Un+i) H N such that 

||s™K^(x)s™ - Wmix)\\ < 3\\x\\/m 

for all X e En- Since 

En C En+1 C • • • and N n J7„ n Un+i n • • • 0, 

this estimate in fact holds for all m G [/„ n N and x G En ■ 

Define s — T:t^{si, S2,- • ■)■ Clearly s is an isometry in A^. It is not unitary since 

||1-SS*|| = lim \\l-S.raS*J\ = 1. 
m — >u 

For m g [/„ n N we have 

Ws^UnSm - Un\\ < \\Vm{l (g) M„) - W„|| + || W"„i(l (g) M„) - U„|| + 3/to. 

Fix n and let m ^ oj. The last term on the right certainly converges to 0. The first two terms do so as well 
because, recalling our identification of A as a subalgebra of A^^, we have n^{V{l (g) m„)) = tTi^{W{1 (g) w„)) = m„. 
Thus lim„i^t^ Hsm^nSm — Un\\ = for each fixed n. It follows that s*it„s ~ Un for all n. Using z ®\ in place of 
1(g) Un, we also obtain s*vs — exp(i5). Since u„ and exp(i6) are unitary. Lemma 1.11 implies that ss* commutes 
with Un and v. 

Since ss* commutes with u„ and s*m„s — u„, we have 

Since ui, U2, • ■ • span a dense subspace of A, this implies that s Cz A' D A^. 

Since ss* commutes with v, it also commutes with v* , and it follows that x i— > s*xs = s*[ss*xss*]s is a 
homomorphism from the unital C*-algebra generated by v to A^. So s*f{v)s — f{s*vs) for every continuous 
function / on sp(u). Taking / = — ilog, we obtain s*as — b. This completes the proof. I 

Proposition 3.4. Let A be a separable nuclear unital purely infinite simple C*-algebra, and let lu e /3N — N. 
Then A' D A^^ is unital, simple, and purely infinite. 

Proof: Obviously A' n A^ is unital. We show that every nonzero hereditary subalgebra B oi A' D A^ contains 
a projection e 7^ 1 which is Murray- von Neumann equivalent to 1. (This clearly implies that A' n Ai^ is simple 
and that every nonzero hereditary subalgebra of A' n A^ contains an infinite projection.) So choose c G i? 
selfadjoint with 1 G sp(c). Apply the previous lemma with a — c and 6 = 1 to obtain a nonunitary isometry 
s G v4' n Ai^ such that s*cs — 1 and the projection e — ss* commutes with c. By construction, e is Murray-von 
Neumann equivalent to 1. Furthermore, ece — s{s*cs)s* — e, and from ec = ce we get cec — (ece)^ = = e. 
Therefore e € B.t 

We note that the proposition can be proved without knowing that the isometry of Lemma 3.3 can be chosen 
to be nonunitary. One still gets from the proof above that each A' D A^j is simple and either purely infinite or 



isomorphic to C. It follows from |AP2] that A has a nontrivial central sequence, that is, a sequence a G 1°°{A) 
such that 7roo(a) G ^' n Aoo but for which there is no sequence z G 1°°{Z(A)) satisfying lim„^oo ||an — ^n|| = 0. 
From this it is possible to deduce that there is at least one Wq G (3N — N such that A' n A^g ^ C. One can then 
show that A' n contains a unital copy of Ooo ■ For every other co G /?N — N, the image of this subalgebra in 
A' n A , is nontrivial, so also A' n A„, ^ C. 
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Definition 3.5. Let A and B be separable unital C*-algebras. An asymptotically central inclusion of yl in i? 
is a sequence of unital injective homomorphisins ipn : A B such that \\ipn{o)b — hLpn{a)\\ — » for all a G A 
and b£ B. 

The rest of the proof that O2 ^ A = O2 was inspired by a talk by Mikael R0rdam. The following lemma is 
the main remaining part. 

Lemma 3.6. Let A be a simple separable unital nuclear C*-algebra which has an asymptotically central inclu- 
sion of O2. Then A = 02. 

Proof: We have a unital homomorphism ip : O2 — > A by assumption, and a unital homomorphism ip : A O2 
by Theorem 2.8. Furthermore, ip o ip is approximately unitarily equivalent to ido^ by Proposition 0.7. In the 
rest of the proof, we show that any two unital endomorphisms of A are approximately unitarily equivalent. In 
particular, we then have if o tp approximately unitarily equivalent to id^, so that A = O2 by Lemma 0.6. 

First observe that A is purely infinite. Indeed, clearly A is infinite. Moreover, O2 is approximately divisible 



of |BKR| 



in the sense of [BKR], by Proposition 7.7 of [Rjl|. Therefore so is A. So A is purely infinite by Theorem 1.4 (a) 



Now let 7 : A —> A be a unital endomorphism; we show that 7 is approximately unitarily equivalent to idA ■ 
Certainly 7 is nuclear, unital, and completely positive, so by Proposition 1.7 there are isometrics Vn £ A such 

that lim„^oo v^ovn = 7(a) for all a G A. Choose any to G f3N — N, and set v = tt!^\vi, V2, ■ ■ ■ ), which is an 
isometry in A^. Regarding A as a subalgebra of A^^ as in Notation 3.1, we have v*av — 7(a) for all a G A. It 
now follows from Lemma 1.11 that vv* commutes with every unitary in A, whence vv* G A' D A^^. 

Let i^i C F2 C • • • be finite selfadjoint subsets of A whose union is dense in A, and such that WnW* G i^„. Let 
si and S2 be the standard generating isometries of 02- The existence of an asymptotically central inclusion of 
O2 in A provides unital homomorphisms an '■ O2 ^ A such that ||(7„(a;)a — a(T„(a;)|| < ^ for a € F„ and x in the 

generating set {si, s*, S2, S2} of 02- The definition a-{x) — tt^/''' {ai{x), (J2{x), . . . ) yields a unital homomorphism 
a : O2 ^ A' D A„ whose range also commutes with vv* . We then calculate in Ko{A' n A^) : 

[vv*] = [a{si)vv* a{si)* + a{s2)vv* a{s2)*] — 2[vv*], 

so that [ot*] = in Ko{A' Ci A^). Similarly [1] = in Ko{A ' D A^^). Since A' n A^^ is purely infinite and simple. 



it follows from Theorem 1.4 and Proposition 1.5 of [Cn2| that there is w G A' A^ such that w*w = 1 and 
WW* = vv* . Then u = w*v is a unitary in A^; moreover, for a G A we have 

u*au ~ v*waw*v ~ v*av — 7(0)- 
To show that 7 is approximately unitarily equivalent to id^, let C A be finite, with ||a|| < 1 for a G F, and 
let and £ > 0. Choose (61, 621 • • ■ ) G 1°°{A) such that nif\bi, 62, ... ) — u. Without loss of generality, ||fo„|| < 1 
for all n. There is a neighborhood [/ of w in /3N such that, for every n g [/ n N, the unitary u„ = 6„(6*6„)~^/^ 
satisfies ||Mn — &n|| < §, and also Wb'^abn — 7(a)|l < § for all a G F. Choose one such n; then om„ — 7(a)|| < e 
for all a £ F.t 

Theorem 3.7. Let A be a simple separable unital nuclear C*-algebra. Then O2 (E) A^ 02- 

Proof: Let B = O2, which wc think of as lim(^"C'2. Obviously there is an asymptotically central 
inclusion of O2 in B. So there is also an asymptotically central inclusion of O2 in B ^ A. The previous lemma 
therefore implies that B = O2 and B(E) A^02. So O2 (X" A = ©2 ■ I 

Remark 3.8. It is actually possible to get this far (except for Theorem 1.15, which we haven't used yet) with 
only a unital (necessarily injective) homomorphism O2 (E" C2 C2- Then one would get 02 (8) O2 — O2 as a 
corollary to the previous theorem. However, there doesn't seem to be a way to get such a homomorphism which 
is simpler than going through much of R0rdam's proof of the isomorphism. 

We now turn to the proof that Ooo^A = A. For use elsewhere, we prove a somewhat more general statement, 
in which Ooo is replaced by a subalgebra oi B C A' D A^ . We will eventually take B — Ooo , but for now 
we merely assume that it is separable, that it contains the unit of A' D A^, and that the two obvious maps from 
B are approximately unitarily equivalent. 
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Lemma 3.9. (Compare with Propositions 2.7 and 2.8 of |EfE].) Let i? be a separable unital C*-algebra. 
Suppose that the two maps a, P : B B (8)min B, given by 

a{b) = 6 (g) 1 and /3(fe) = 1 6, 

are approximately unitarily equivalent. Then B is simple and nuclear. 



Proof: We prove nuclearity first. This argument is taken from [EfR|. By hypothesis there is a sequence 
wi, 1*2, . . . of unitaries in B®-minB such that lim„^oo Un{h®\)u^ — l®h for all 6 e B. Choose c„ in the algebraic 
tensor product B (g)aig B with ||c„|| < 1 and lim„^oo ||c„ — Un\\ ~ 0. Then also lim„^oo Cn{b® l)c* = l®h for 
all 6 € Choose any state w on i?, and define r„ : i? — > i? by 

r„(6) = (w® idB)(c„(6(g) IX). 

Note that w^ids : _B®minS i? is well defined, unital, and completely positive. (See, for example, Proposition 
IV. 4. 23 (i) of [Tk|.) Since ||c„|| < 1, the maps T„ are thus completely positive contractions. 
For fixed n, write c„ = X^JLi ® Vj with Xj, Uj e B. Then 

m 

SO that T„ has finite rank (at most rn^). We further have 

\\Tn{b) - h\\ = ||(w ® ids)(c„(6 ® 1)<) - [uj ® idB)(l ® < |lc„(6 (g - 1 ® 

which converges to as n oo. Thus, we have shown that ids is a pointwise norm limit of completely positive 
contractions. So B is nuclear. (It is not necessary to require that the approximating maps be unital. See the 
comment after Theorem 0.2.) 

Now we prove simplicity. Suppose B has a nontrivial ideal J. As in the proof of Proposition 2.7 of |EfR], if 
6 G J then 6 (g) 1 G J ®rau\ B but h®l^B (gmin J- However, with u„ as in the first paragraph of the proof, we 
have 

u* (1 (g) b)un e B (gniin J and lim u* (1 ® b)un = 5 (g) 1, 

n — ^oo 

which implies 6 (g 1 G i? gimin J- This contradiction shows that B is simple. I 
We can now write simply g) instead of g)inin for tensor products involving B. 

Lemma 3.10. Let A, B, and C be separable unital C*-algebras, and let uj e /3N-N. Let S{b) = (5*1(6), S2{b), . . . ) 
and r(c) — {Ti{c), T2{c), . . .) define unital completely positive maps from B and C respectively to 1°°{A) such 
that TTcj o S* and tt^^ oT are unital homomorphisms whose images lie in A' D A^^. For any finite subsets F <Z A, 
G C B, and H C C, and any k and e > 0, there is a neighborhood U oi lu such that for every n G [/ n N, we 
have 

||T„(c)5fe(6) - Sk{b)Tn{c)\\ < e, \\T„{c)a - aT„{c)\\ < s, and ||r„(ciC2) - r„(ci)T„(c2)|| < e, 
for all a G F, 6 G G, and c, Ci , C2 G i?. 

Proof: This is immediate. I 

The following lemma is closely related to Lemmas 2 and 3 of | Rr3 |. 

Lemma 3.11. Let A be a separable unital C*-algebra, let oj G /3N — N, and let B C A' D Aui be a unital 
subalgebra which satisfies the hypotheses of Lemma 3.9. Then there is a unital homomorphism ip : B ^ A ^ A 
such that the map a ip{l g) a) is approximately unitarily equivalent to id^i . 

Proof: Since B is nuclear (by Lemma 3.9), its inclusion in A^^ lifts to a unital completely positive map Q : 
B 1°°{A). We write this map as Q{b) = [Qi{b),Q2{b), . . . ) for unital completely positive maps Qn '■ B ^ A. 
Choose finite selfadjoint subsets 

Fi C F2 C • • • C A and Gi C G2 C • • • C B 

whose unions are dense in A and B. Using the hypothesis on S, choose unitaries G B ^ B such that 
\\uk{b (g l)ul — 1 (g 5|| < 2^*^ for b G Gj,. Choose b^ € B ® B va the algebraic tensor product and so close to U)^ 
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that the unitary z = huihlh^Y^I'^ satisfies ||z(5(g) l)z* - 1 (g) 6|| < 2 • for h e Gfc. Write hu = Ej=i 4^^ 

(suppressing the dependence on k on the right). There are then a finite set G'^ C B (containing Gfc and all 4*') 
and £fe > such that whenever S, T : B ^ A are unital completely positive maps such that 

\\S{bc) - S{b)S{c)\\ < Sk, \\T{bc) ~ T{b)T{c)\\ < Sk, \\S{b)T{c) - T{c)S{b)\\ < e,., 

\\Sib)a - aS{b)\\ < Sk, and \\T{b)a - aT{b)\\ < Sk 

for a ^ Fk and 6, c e G'^,, then there is a unitary v € A (close to '5'(4^^)^(4^^)) 

|lwS'(6)i;*-r(6)|| <3-2-'^ and ||wai;* - a|| < 2-*^ 

for a E Fk and b E Gk- Constructing the GJ, and efe in order, we may assume that G'j. C G'f._^^ and Ek > efc+i 
for all k, and that e^, ^ 0. 

Now use the previous lemma to choose inductively 7i(l) < n(2) < • • • such that 

\\Qn(i){bc) ~ Qn(i){b)Qn(i){c)\\ < £i and ||Q„(i)(6)a - aQ„(i)(6)|| < Si 

for a E Fi and b, c E G[ , and 

IIQn(fe+l)(M ~ '3n(fc+l)(^)<3n(fe+l)(c)|| <£/£+!, 1 1 Qn(fc+1) (^)a ^ (fe) 1 1 <e/c+l, 

and 

IIQn(fc+l)(&)Qn(fe)(c) " Qn(k){c)Q 

for a E Fk and b, c E G'j._|_]^. The previous paragraph gives a unitary Vk & A such that 
||i'/cQn(fc+i)(&)i'fe - Qn(k){b)\\ < 3 • 2"'' and ||-y/caUfe - a|| < 

for a E Fk and b E Gk- 

Define a unitary Wn ^ Ahy Wk = V1V2 • • • Vk~i- Since X^fc^i 2"*^ < 00 and U^i is dense in A, one checks 
that a{a) = limfe^oo Wkaw^. exists for all a E A. Clearly a is a unital homomorphism fi'om ^ to ^ which is 
approximately unitarily equivalent to id^ . Also, 

l|wfe+iQ„(fe+i)(6)wfe+i - ■WkQn{k){b)wl\\ < 3 • 2"'' 

for b E Gk, so /3{b) = hm„^oo WkQn(k){b)'wl. exists for b E B. Clearly I3{bc) = (3{b)P{c) for 6, c G UJ^i ^'fei 
is a unital homomorphism from B to A. Moreover, for a E Fk and & € Gk, we have 

||(«^feawfe)(wfc(3„(fe)(6)w^) - {wkQn{k){b)wl){wkawl)\\ = ||a(3„(fc)(6) - (5„(fc)(6)a|| < Sk, 

and limfe_»oo Sfc = 0. It follows that the ranges of a and /3 commute. Since B (8)max A = B (g) A, the desired 
homomorphism (yS : _B ® A — > A can be defined by the formula (p{b (E) a) — a{a)(3{b). I 

Proposition 3.12. Under the hypotheses of Lemma 3.11, we have B ^ A ^ A. 

Proof: Since B is nuclear, we write (E" rather than ^min for tensor products involving B. 

We follow the proof of the theorem following Lemma 3 in ]Rr3| | . Let P : B 1^ A A he the homomorphism 
of Lemma 3.11, and let a : A ^ B iS) A he the homomorphism a{a) — 1 ^ a. We know from Lemma 3.11 that 
(3 o a is approximately unitarily equivalent to id^i . We show that a o /3 is approximately unitarily equivalent to 
idB(g)A ■ By Lemma 0.6, this will imply that B A = A. 

By the definition of approximate unitary equivalence, there is a sequence wi,W2, ■ ■ ■ of unitaries in A such 
that 

lim 11 i(;„/3(a(a))w* — a|| = 

n — ^00 

for all a E A. The hypothesis on B provides a sequence vi,V2, ■ ■ ■ of unitaries in B B such that 

hm \\vn{x ® l)w* — 1^ x\\ — 

n — >oo 

for all X E B. Note that for x, y E B, the elements a{(3{x ® 1)) and y ®1 of B ® A commute. Therefore there 
is a homomorphism a: B®B^B^A satisfying 

a{x®l) ^ a{(3{x®l)) and a{l®y)^y®l. 
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Define it„ = (l(8)U'„)cr(u„). Using tiie fact tliat a{vn) commutes witli a{l3{l^a)) for a G ^ and commutes 
witii X iSi I = lim„^oo o'{vn)a{p{x ® l))cr(uri)* for x Cz B, we obtain as in ]Rr3| lim„^oo u„q;(/3(c))u* = c for all 

ce Bi^aA 

Lemma 3.13. Let A be a separable unital C*-algebra, let oj E f3N — N, and let B C A' A^^ be a separable 
nuclear unital subalgebra. Let C be a separable nuclear unital C*-algebra, and let : C — > ^' n be a 
unital homomorphism. Then there is a unital homomorphism ?/; : C — > ^' H A^^ whose image lies in the relative 
commutant of B. 

Proof: Since B and C are nuclear, there are unital completely positive maps S : B ^ 1°°{A) and T : 
C such that vr^ o 5 is the inclusion of B and tt^ o T = 95. Write S{h) = {Si{b), S2{b), . . .) and 

r(c) = (Ti(c),T2(c), . . . )• Choose finite subsets 

Fi C C • • • C A, Gi C C • • • C and Hi C H2 C ■ ■ ■ C C 

whose unions are dense. Using Lemma 3.10, choose n(l) n(2), • • • G N such that 

\\Tn{k){c)Sk{b) ~ S'fe(6)r„(fe)(c)|| < ||r„(fe) (c)a - aT„(fc)(c)|| < p 

and 

ll7'n(fc)(ciC2) - T„(fe)(ci)T„(fc)(c2)|| < - 

for aU a G Ffc, b G Gfc, and c, ci, C2 G Hk- Then define V'(c) = 7r^(T'„(i)(c), T„(2)(c), . . . ). I 

Theorem 3.14. Let A be a separable nuclear unital purely infinite simple C*-algebra. Then Ooo (E) A = A. 

Proof: Let B = Ooo, which we think of as the direct limit over n of i?„ — Ooo, with maps 6 1— > 6(8) 1. 
We apply Proposition 3.12 with this B. Clearly B is separable, unital, and nuclear. We need to check two more 
conditions. 

First, we must embed i? as a unital subalgebra of A'DA^. Now A'OA^ is purely infinite simple by Proposition 
3.4, so certainly contains a unital copy of Ooo- Using the previous lemma and induction, we obtain unital 
homomorphisms (pn ■ Bn — > A' n A^ such that (pn+i{b (E) 1) — fn{b) for b G -B„. Taking direct limits gives a 
unital homomorphism (/? : _B — > A' fl A^. This homomorphism is injective because B is simple. 

The second condition to check is that the two maps a{b) — b ®1 and (3{b) = 1 ®b, from B to B (g) B, are 
approximately unitarily equivalent. 

For F C Ooo, let F^") C i?„ be the set of aU 1 (g) • • • (g) 1 (g) 6 (g) 1 (Ki • • • (81 1, with b £ F, and where b is 
in the fc-th tensor factor for some k with \ < k < n. Also let ■0„ : Bn — > i? be the inclusion. It suffices 
to show that for each finite F C Ooo, each n, and each e > 0, there exists a unitary v € B ® B such that 
\\v{ilin{x) ® l)v* - 1 g) 4>n{x)\\ < 6 for all X G F("). 

Now clearly B has an asymptotically central inclusion of Ooo- It follows that B is approximately divisible 
in the sense of [BKR]. Since B is simple and infinite, it is purely infinite by Theorem 1.4 (a) of BKR] . So 
Theorem 3.3 of LP2| implies that the maps from Ooo to B ® B, given by a; i-^- '01 (2;) g) 1 and x ^ 1® 'ipi{x), 



are approximately unitarily equivalent. Approximating unitaries in B by ones in the terms of the direct system, 
we find that for F and e as above there is N and u G Bn g) Bn such that, with Im denoting the identity of 
0™ Ooo , we have 

\\u[{b®lN-i) g) In]u* - Iat g) (&g) ljv-i)|| < £ 
for all b E F. Taking the tensor product of this with itself n times, we find that vq = w g) • • • g) w G 0" {Bn^^Bn) 
satisfies 

||wo(l g) ■ ■ • g) 1 g) [(6g) Iat-i) g) Iat] g) 1 g) • • • g) l)vg - 1 g) • • • g) 1 g) [Ijv «) (6g) liv-i)] g) 1 g) ■ ■ • g) 1|1 < e 

for all 6 G F and with (6 (g Iat-i) (g Iat in any of the n factors Bn ® Bn- Rearranging this using associativity 
of the tensor product, we obtain a unitary v G Bnu ® Bnu such that 

\\v[(x g) l(Ar_i)„) g) lNn]v* - Inu ® {x ® l(Af_l)„)|| < E 

for all X G F^"^. Embedding Bnu in ^ completes the proof that a and (3 are approximately unitarily equivalent. 
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We now apply Proposition 3.12, obtaining Bi^A = A. Taking in particular A — Ooo, we obtain Ooo — B®Ooo- 
But clearly B ® Ooo — B. So we can replace B by Ooo, getting Ooo A = A. t 

4. Exact continuous fields 

This section consists of various preparatory results on (exact) continuous fields of C*-algebras which will 
be used in the next section to obtain continuous embeddings of continuous fields in 02- We start with several 
general results, on tensor products, puUbacks, and representations, and then go on to apply the results of Section 
1 to continuous fields whose section algebras are exact. We obtain a discrete version of continuous embedding: 
Fibers over nearby points have embeddings in O2 which are close in a suitable sense. In the next section, we 
show how to make continuously varying choices of the embeddings. 



Continuous fields of C*-algebras are taken to be as defined in Chapter 10 of [Dx]. For notation, if A is a 



continuous field over X, then we denote by A{x) the fiber over x € X and by T{A) the set of all continuous 



sections of A. We briefly recall the axioms for T{A) ([Dx|, 10.1.2 and 10.3.1): 

(1) Each A{x) is a C*-algebra. 

(2) The section space r{A) is a subspace of the set-theoretic product Hxex ^C-^) which is closed under 
addition, scalar multiplication, multiplication, and adjoint. 

(3) The set {a{x) : a G r(^)} is dense in A{x) for all x. (Proposition 10.1.10 of | pxj | shows that, in the 
presence of the other axioms, this is equivalent to requiring that {a{x) : a G r(A)} — A{x) for all x.) 

(4) For every a G T{A) the function x 1-^ ||a(a;)|| is continuous. 

(5) The section space T{A) is closed under local uniform approximation. That is, if a is a section, and 
if for every xq G X and e > there exists a neighborhood U of xq and a continuous section b such that 
||a(x) — b{x)\\ < e for x G C/, then a is continuous. 

It follows from Axiom (5) that the pointwise scalar product of a continuous function on X and a continuous 



section of A is again a continuous section of A. (See Proposition 10.1.9 of |Dx].) 



More general bundles, in which (4) is weakened to merely require that the norms of sections be upper 



semicontinuous, are in some ways more natural. (See |HK| for a general discussion, mostly in the context of 



Banach spaces.) However, the results of this and the next section have no possibility of being true for them. 

We denote by ev^ the evaluation map a 1-^ a{x) from r{A) to A{x). We say that A is unital if each A(x) 
is unital and the section x i—t \a{x) is continuous. Note that it is possible to have every A{x) unital but the 
section x 1— > 1a(x) discontinuous. 

We start with several general results on continuous fields. 

Proposition 4.1. Let X be a compact Hausdorff space, let A be a continuous field of C*-algebras over X, 
and let be a nuclear C*-algebra. Then there is a continuous field A® B oi C*-algebras over X, such that 
[A (g) B){x) = A(x) (g) B and V{A ^ B) = T{A) (g) B. 



Proof: This is (i) implies (v) of Theorem 3.2 of [|KW[. I 



The cases we need are B — Mn and B — K, which can be handled a little more directly. 

Lemma 4.2. Let X be a topological space, and let A be a continuous field of C*-algebras over X. Then there is 
a continuous field A'' of C*-algebras over X such that A'^{x) is the unitization A{x)'' for every x G X, and such 
that the continuous sections of are the sections of the form a{x) — ao{x) + A(.t) • l^(^)t for ao a continuous 
section of A and A : X — > C continuous. 

Proof: We define A^{x) — A{x)'' for each x. (Recall that we add a new identity to A{x) even if it already has 
one.) We take the continuous sections of A^ to be as in the statement. Axioms (1), (2), and (3) are obvious. 
Axiom (5) is easily checked using the fact that A{xy = A{x) © C as a Banach space. This leaves axiom (4). 

Considering a{x)*a{x), we see that it suffices to consider sections a{x) = ao{x) + X{x) ■ lA{x)i with a{x) > 
for all X. In this case, the corresponding function A is nonnegative and ao is selfadjoint. Let / : C ^ K be 



/(<) = max(Re(t), 0). By Proposition 10.3.3 of |Dx], the section x > f{ao{x)) is continuous. Now 

||a(a;)|| = A(x) + supsp(ao(a;)) = A(a;) + ||/(ao(x))||, 

which is continuous. I 
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Lemma 4.3. Let f : X Y he a continuous map of topological spaces, and let A be a continuous field over 
Y. Then there is a continuous field f*{A) over X such that f*{A){x) = A{f{x)) for all x G X, and such that 
the continuous sections of f*{A) are the locally uniform limits (in the sense implicit in Axiom (5)) of sections 
of the form x i-^ a{f{x)) for a E T{A). 

Proof: It is immediate from the corresponding axioms for A that f*{A) satisfies axioms (1) and (3). Axiom 
(5) for f*{A) follows from the construction of r{f*{A)) as the set of locally uniform limits of a set of sections. 
Axioms (2) and (4) hold for the set of sections of the form x i-^ a{f{x)) for a € r(A), and are preserved under 
passage to locally uniform limits, so also hold for r{f*{A)). I 

Lemma 4.4. Let X be a locally compact Hausdorff space, let U C X he open, and let be a unital continuous 
field of C*-algebras over U. Then there is a unital continuous field A of C*-algebras over X such that A{x) = 
Ao{x) for X E U and A{x) — C for x ^ U, and such that a section a is continuous if and only if there is a 
continuous function A : A" C and a continuous section aq of Aq for which x i— s- ||ao(a;)|| vanishes at infinity on 
U, such that a{x) — X{x) ■ 1a{x) for x ^ U and a{x) — \(x) ■ \a(x) + ^0(2;) for x E U. 

Proof: One checks directly that the given set of sections satisfies the definition of a unital continuous field of 
C*-algebras. I 

The following definition and lemma do not work very well for more general bundles (for which the norm of 
a section is only required to be upper semicontinuous) . 

Definition 4.5. Let A be a topological space, and let A be a continuous field of C*-algebras over X. A 
representation of A in a C*-algebra I? is a family if = {ipx)x<£X of homomorphisms ipx : A{x) — > D which is 
continuous in the following sense: for every continuous section a of A, the function x '—^ ipx{a{x)) is continuous 
from X to D. The representation is called injective if every ip^ is injective. 

In this terminology, a continuous field is Hilbert continuous (Definition 3.3 of I^J) if it has an injective 
representation in some L{H). 

Lemma 4.6. Let A be a topological space, let A be a continuous field of C*-algebras over A, and let — 
{'fx)x£X be a representation of A in some C*-algebra D. Suppose ipx is injective for every x is some dense subset 
S of A. Then Lp^ is injective for every x G A. 

Proof: Let x G A, and suppose Lpx is not injective. Choose an element a € kei^ipx) with |ja|| — 1. By 



Proposition 10.1.10 of |Dx|, there is a continuous section & of A such that b{x) = a. By continuity of a; 1^ ll^(2;)|| 
and X 1-^ (fx{b{^))^ there is a neighborhood U x such that ||fe(2/)|| > 3/4 and \\(py{b{y))\\ < 1/4 for y E U. 
Choose y E U S. Then b{y) is an element of A{y) such that ||</5j^(6(y))|| < ||fe(y)||, so (py is not injective. This 
contradiction proves the lemma. I 

We will work with continuous fields satisfying the exactness conditions given in the following theorem, essen- 



tially in |KW| 



Theorem 4.7. Let A be a compact metric space, and let ^ be a continuous field of C*-algebras over A, with 
T(A) separable. Then the following conditions are equivalent: 

(1) The section algebra T{A) is an exact C*-algebra. 

(2) Every fiber A{x) is an exact C*-algebra, and the identity maps of the fibers 

id^(,) : A{x) ^ r{A)/{a E T{A) : ev,(a) = 0} = A{x) 

are locally liftable, that is, for every finite dimensional operator system E C A{x) the inclusion of E in A{x) has 
a unital completely positive lifting to a map from E to y{A). 

(3) Every fiber A{x) is an exact C*-algebra, and for every C*-algebra B, the tensor product bundle A^^-^i^ B 



(as described in the introduction to [KW|) is a continuous field. 

(4) Every fiber A{x) is an exact C*-algebra, and for a separable infinite dimensional Hilbert space H, the 
tensor product bundle A ®rain L{H) is a continuous field. 

Proof: Note that if V{A) is exact, then the fibers A{x), being quotients of T{A), are exact by Proposition 7.1 



(ii) of |Kr4|. So the equivalence of the first three conditions (and some others) is Theorem 4.6 of [KW|. That 
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(3) implies (4) is immediate. The proof that (4) imphes (2) is derived from Theorem 3.2 of |EH| in the same 
way that Lemma 2.4 is derived from Theorem 3.4 of |EH]. I 

Lemma 4.8. Let X be a compact metric space, and let A be a continuous field of C*-algebras over X, with 
T{A) separable. Let be the unitization (as in Lemma 4.2). Then r(^) is exact if and only if r(^t) jg exact. 

Proof: There is a split short exact sequence 

— > v{A) — > r(At) — » c{x) — > 0. 

The result therefore follows from Proposition 7.1 (vi) of ||Kr4| . I 

Proposition 4.9. Let X be a compact metric space, and let A be a continuous field of C*-algebras over X 
with nuclear fibers A{x)^ and with T{A) separable. Then A satisfies the conditions of the previous theorem. 

Proof: By Theorem 0.3, the maps \Aa(^x) are in fact liftable, so condition (2) of Theorem 4.7 holds. I 
The rest of this section is devoted to the proof that if r(^) is separable and exact, then nearby fibers have 
nearby embeddings in O2. 

Lemma 4.10. Let X be a compact metric space, let A be a unital continuous field of C*-algebras over X 
such that r(^) is separable and exact, and let ai,...,am be continuous sections of A. Let xo € X. Then 
for every e > there exists a neighborhood U of in X such that for all x £ J7 there are injective unital 
homomorphisms ifx ■ ^(a^o) ^ and ipx ■ ^ix) — * O2, and unital completely positive 
and Tx : A{x) O2, satisfying 

\\Sx(ai{xo)) - ipx{ai{x))\\ < e and \\Tx{ai{x)) - ipx{ai{xQ))\\ < e 

for 1 < I < m. 

Proof: By considering the real and imaginary parts of the given sections (and using e/2 in place of e), we 
may assume without loss of generality that oi, . . . , Om are selfadjoint. Similarly, we may assume that ||a;|| < 1 
for all I. 

We next reduce to the case in which 1, ai(xo), . . . , Omixo) are linearly independent. In the general case, we 
may number the a/ in such a way that 1, ai(a;o), . . . , a„ig (xq) are linearly independent and amo+i (2^0)7 ■ ■ ■ 1 o-mixo) 
are linear combinations of 1, ai(a;o), . . . , a„i(, (xq). Assume the lemma holds for ai, . . . , Omo- Set ao = 1. For 
Too + I < I < m, write 

mo 

ai{xo) = y^Q:j-;aj(xo), 

j=o 

with Uji e C, and then define a; = jyj^=o'^M^j- Then the di are also continuous sections, and di{xo) — ai{xo). 
Set 

mo 

a=l+ max } 

mo + l<l<rn ^ 

Choose U so small that the conclusion of the lemma holds for oi, . . . , with s/ {2a) in place of e, and also 
so small that ||a/(x) — a/(a;)|| < s/2 for x d U and toq + 1 < Z < to. The resulting homomorphisms (px and ■02,, 
and unital completely positive maps Sx and Tx, then satisfy 

£ £ 

||'5'x(a;(a;o)) - '(/'a:(ai(x))|| < — and \\Tx{ai{x)) - (px{ai{xn))\\ < — 

Za la 

for 1 < / < toq. Hence, for too + 1 < Z < to we have 

mp 

\Sx{a.i{xQ)) - '\\)x(ai(x))\\ < ^ \aji\\\Sx{aj{xo)) - 'iljx{aj{x))\\ + \\tljx\\\\di{x) - ai{x)\\ < e. 

Similarly, 



mo 

\\Tx{ai{x)) ~ ipx{ai{xa))\\ < \\Tx\\\\ai{x) ~ di{x)\\ + '^\aji\\\Tx{aj{x)) ~ ipxiaj{xo))\\ < £■ 

3=0 



EMBEDDING OF EXACT C*-ALGEBRAS 



27 



This proves the reduction. 

We now assume that 1, ai, . . . , Um are selfadjoint, have norm at most 1, and are linearly independent at xq. 
Set E = span(l, ai(xo), . . . , a„i(xo)); then is a finite dimensional operator system contained in A{xo)- By local 
liftability (Theorem 4.7 (2)), there is a unital completely positive map S : E ^ r(A) such that ev^ oS = ids ■ 
Let bi = 5(a;(.To)), so that bi is a continuous section of A satisfying fe;(.To) = aiixo). Choose an open set 
Uq C X, containing xq, such that \\bi(x) — ai{x)\\ < e/4 for all x G C/q. Define S^^ : E A{x) by si^^ = evx oS. 
Then S^^ is unital and completely positive, and \\S^\ai{xo)) — CLiix)\\ < e/4 for all x G Uq. Use Theorem 
2.8 to find an injective unital homomorphism ijjx ■ A{x) O^- Since O2 is nuclear, Proposition 0.4 provides a 
unital completely positive map ■ A{xo) — » O2 such that \\Sx{ai{xo)) — 4'x{'Sx^\o,i{xo)))\\ < This gives 
\\Sa:{ai{xo)) - ^pa:{ai{x))\\ < e/2, for all x e Uq. 

We still need T^. Choose, using Lemma 1.10, an integer n such that whenever V : E ^ ^{x) and W : E ^ O2 
are two unital completely positive maps such that V is injective and \\V~^ (g) idM„ || < 1 + e/4, there is a unital 
completely positive map Q : A{x) O2 such that ||Q o 1/ — W\\ < e/2. We now claim that there is an open 
set Ui C X, containing Xq, such that S^^ is injective and 55 idM„ || < 1 + e/4 for all x G Ui. Let 

{cij : 1 < i, j < n} he a system of matrix units for M„. Set N = {m + and consider the set of A'" sections 

{ci : 1 < I < N} = {dj (g) 1 : 1 < i, j < n} U {cij (g) ai : 1 < I < m, l<i, j <n} 

of the continuous field M„ (g) A. (See Lemma 4.1.) Note that ci (xq), . . . , cjv(a;o) are linearly independent. Define 
a compact subset S C by 

S = {(Ai, . . . , Aiv) G : ||AiCi(xo) + • • • + AjvCw(xo)|| = 1}. 

If the claim is false, there is a sequence {yk) of distinct points in X such that yk xq, and such that there are 
elements (A^*^^ , . . . , A^^ ) G S satisfying 

\\x[''^cM + --- + \PcN{yk)\\<Y^- 

(k) 

Passing to a subsequence, we may assume that A; = lim/j^oc AJ exists for each I. By the Tietze extension 
theorem, there are continuous functions /; on X such that fi{yk) = A^*^' for all k and fi{xo) = A;. Then 

c = /iCi H \- /nCn is a continuous section with ||c(a;o)|| = 1 and lim inf j,^^,;, ||c(a;)|| < jrp^, a contradiction. 

This proves the claim. 

Set U = UqCiUi. Let x Cz U. Choose (using Theorem 2.8) some injective unital homomorphism ipx : A{xq) 
02- From above, we have \\s''^\ai{xQ)) - ai{x)\\ < e/4 < e/2. Furthermore, = S*!"^ : S ^ A{x) and 
W = 'fx\E'-E^02 are unital completely positive maps such that V is injective and \\V^^ ® idA/„ 11^1+ e/4. 
Therefore, by the choice of n and Lemma 1.10, there is a unital completely positive map Tx : A{x) O2 such 
that \\Tx o si°^\E - •i^'xlEW < e/2. It follows that 

WTM^)) - ^xiaiixoM < \\ai{x) - Si°\ai{xom + ||T, o 5f (a^a^o)) - ^.(ai(%))ll < | + | = ^' 

as desired. I 

Proposition 4.11. Let X, A, and ai, . . . , a„j be as in Lemma 4.10. Assume we are given, for each a; G X, an 
injective unital homomorphism : A{x) 02- Define po : X x X [0, 00) by 

Po{x,y) =inf max \\T{ai{x)) - iyiai{y))\\, 

T l<l<m 

where the infemum is taken over all unital completely positive maps T : A[x) — » 02- Then 

(1) po{x,y) does not depend on the choice of the homomorphisms ix- 

(2) pQ is continuous on X x X. 

(3) po{x, x) =0 and po{x, z) < po{x, y) + po{y, z) for x, y, z e X. 

Proof: Part (1) is immediate from the fact (Theorem 1.15) that any two injective unital homomorphisms 
from A(y) to O2 are approximately unitarily equivalent. 
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We next prove (3). We get po{x,x) — by taking T — Lx- For the triangle inequality, let x, y, z £ X, and let 
£ > 0. Without loss of generality ||a;(y)|| < 1 for all /. Choose unital completely positive maps S : A{x) O2 
and T : A{y) O2 such that 

£ £ 

max \\S{ai{x)) - iy(ai{y))\\ < po{x,y) ^ - and max ||r(a;(y)) - t^(a/(z))|| < po(2/, 2) + -. 

l</<m O l</<m O 

Apply Lemma 1.10 with A = A{y), Bi = B2 = O2, E = span(l, ai(y), . . . , am(y)), S — 0, V — Ly\E (so 
that ||F~^||cb = 1), and W = T\e, to obtain a unital completely positive map R : O2 ^ O2 such that 
\\R o Ly\E — T\e\\ < e/3. Then Ro S : A{x) O2 is unital and completely positive and satisfies 

\\{RoS){ai{x))-iM^M 

< \\R\\\\S{ai{x)) - iy{ai{y))\\ + \\(R o Cy)(ai{y)) - r(a,(2;))|l + \\T{ai{y)) - ..(a/(z))|| 

(^Poix, ?/) + 1) + 1 + {po{y, ^) + 1) ^ ^"(^' y) + poiy^ ^) + 

This shows that po{x, z) < po{x, y) + pol^i 2) + and we let e ^ 0. 

For continuity (part (2)), let xq, yo £ X and let e > 0. Use the previous lemma to choose neighborhoods U 
of xq and V of yo such that for x G U, both po{xo,x) and po(a^,2;o) are less than e/2, and similarly po{yo,y), 
Po{y, yo) < for y E V. Then for a; G C/ and y £ V, 

Po{x,y) < pq{x,xo) + pQ{xQ,yQ) + po{yQ,y) < po{xQ,yQ) + £, 

and similarly po{x, y) > po{xo,yo) - e. ■ 

Remark 4.12. Let X, A, and ai, . . . , Um be as in Lemma 4.10, and suppose that all the fibers of A are nuclear. 
(In this case, exactness of T{A) is automatic, by Proposition 4.9.) Then the definition of the function po of the 
previous proposition can be reformulated to look much more like a distance: 

Po{x,y) = inf max \\T{ai{x)) - ai{y)\\, 

T l<l<m 

where the infemum is taken over all unital completely positive maps T : A{x) — > A{y). 

To see this, let po{x,y) denote the expression on the right hand side. Obviously, po{x,y) < po{x,y). For the 
reverse inequality, let S : A{x) O2 satisfy 

max ||5(a;(a;)) - Ly{ai{y))\\ < po{x,y) + -. 

l<l<m A 

Since A{y) is nuclear, there are n and unital completely positive maps Qo '■ A{y) —f Af„ and R : Af„ A{y) 
such that \\R{Qo{ai{y))) — ai(2/)|l < | f^^' 1 < ^ < w. The Arveson extension theorem (Theorem 6.5 of |P1[ ) 
gives a unital completely positive map Q : O2 — > Af„ such that Q\,,y(A(y)) = Qo ° '-y ^- Set T = R o Q o S, giving 

Poi^^y) < max \\T{ai{x)) - ai{y)\\ 

l<l<m 

< ||i?||||(3|| max \\S{ai{x)) - Ly{ai{y))\\ + max \\{R o Q o Ly){ai{y)) - aiiy)\\ < pQ{x,y) + £. 

l</<m l<l<jn 

The square root in the following proposition comes from the one in Lemma 1.12. It can't be removed, as 
follows from Remark 6.11. 

Proposition 4.13. Let X and A be as in Lemma 4.10, and let ui, . . . , Um be continuous unitary sections of A. 
Define p : X x X ^ [0, 00) by 

p{x,y) =sup inf max \\vtpiui{x))v* ~ i;{ui{y))\\, 

where the supremum runs over the (nonempty) sets of injective unital homomorphisms : Aix) O2 and 
■0 : A{y) — > 02- Then p is a continuous pseudometric on X (that is, a metric except that possibly p(x,y) could 
be zero with x ^ y). Moreover, if po is as in the previous proposition, using ui, . . . , u„i in place of ai, . . . , a™, 
then 

p{x,y) < Ha/ max(po {x,y), po{y,x)). 
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Proof: It follows from Theorem 2.8 that every A{x) posesses an injective unital homomorphism to O2, 
and from Theorem 1.15 that any two such homomorphisms are approximately unitarily equivalent. We can 
therefore rewrite the definition of p as follows: For each x G X, choose and fix an injective unital homomorphism 
<p^ : A{x) O2. Then 

p{x,y) = inf max \\v(p^{ui{x))v* - 'fiy{ui{y))\\. 

v&U{02) l<(<m 

Prom this formula, it is obvious that p is a pseudometric. (Note that p{x, y) can be at most 2 for any x and y.) 
It remains to prove the estimate 



p{x,y) < llVniax(/?o(.x,y),po(y,a;)). 

timate and the previous corollary, usi: 
> 0, there is v G U{02) such that 

\\vip{ui{x))v* - il){ui{y))\\ <s + max{po{x, y), po{y, x)) 



(Continuity of p follows from this estimate and the previous corollary, using the fact that p is a pseudometric.) 
Equivalently, we prove that for all £ > 0, there is v G U{02) such that 



for 1 < I < m. 

Fix x and y, and let e > 0. Choose £0 > so small that 



2£o + ll^ymax{pQ{x,y), po{y,x)) +3eo <e+ ll^ym.ax{po{x,y), po{y, x)). 
The definition of po gives unital completely positive maps 

So : MM^:)) ^ O2 and Tq : ^y{A{y)) ^ O2 

such that 

\\So{(px{ui{x))) - ipy{ui{y))\\ < po{x,y) +£0 and \\To{ipy{ui{y))) - ipx{ui(x))\\ < paiy.x) +£0 

for 1 < I < m. Since O2 is nuclear, it follows from Proposition 0.4 that there are unital completely positive 
maps 

S: 02^02 and T : O2 ^ O2 

such that 

\\S{ifix{ui{x))) - (py{ui{y))\\ < pa{x,y) + 2ea and \\T{(py{ui{y))) - (px{ui{x))\\ < pQ{y,x) + 2eQ. 
Proposition 1.7 provides isometrics s, t Cz O2 such that 

\\s*<Px{ui{x))s - (fy{ui{y))\\ < po{x,y) +3eo and \\t*(py{ui{y))t - (p^iM^M < Po{y,x) + Seq- 

Now Lemma 1.12 provides a unitary z G O2 O2 such that 

\\z{l (g) ifx{ui{x)))z* - 1 (g) 'Py{ui{y))\\ < ll^/ma.x{po{x,y), po{y,x)) + 3eo- 

Let p : O2 ® O2 ^ O2 he an isomorphism (Theorem 0.8). Then a 1— > p{l (g) a) is approximately unitarily 
equivalent to ido2 (by Proposition 0.7), so there is a unitary w G O2 such that 

\\wp{l (g) (px{ui{x)))w* - ipx{ui{x))\\ < £0 and ||w;m(1 O <fiy{ui{y)))w* - ifiy{ui{y))\\ < eq 

for 1 < Z < m. Set v = wp{z)w*. Then one checks that 



\\vipx{ui{x))v* - ipy{ui{y))\\ < 2£o + ll^Jmax{pa{x,y),pi){y,T)) + Seq 

< £ + ll-\/max(po(a;, y), po{y, x)). 

I 

The following two definitions will simplify the notation and terminology in several lemmas in the next section. 

Definition 4.14. Let X he n topological space, and let A and B be two continuous fields of C*-algebras over 
X with given continuous sections oi, . . . , am of A and bi, . . . ,bm oi B. If ip and ijj are representations of A and B 
in a C*-algebra D, then we define the sectional distance ds{<p, tp) between tp and tp (with respect to oi, . . . , 
and 61, ... , bm) to be 

ds{^,tp) = sup max W^Pxiaiix)) - ip^ibiix))]]. 

xex l<l<m 
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We suppress the sections a; and bi in the notation, since they will always be clear from the context. We use the 
same notation for representations ip^^^ and (p*-^^ of two different restrictions Ajxxd/i} ^^nd ^|xx{i/2} '^^ ^ single 
continuous field over X x Y with a single set of sections ai , . . . , a„i : 

ds(V3(i\</j(^)) = sup max \\ipi^\ai{x,yi)) - ip'i\ai{x,y2))\\. 

xeX l<i<ni 

Sometimes (p^^^ and (p^^^ will be restrictions (p\xx{yi} ^^^id 'p\xx{y2} the same representation ip, and the 
obvious notation will also be used in this case. 



Definition 4.15. Let X and Y be compact metric spaces, with metric dy on Y. Let ^ be a unital continuous 
field of C*-algebras over X x Y, with continuous unitary sections ui, . . . , Um such that for each {x,y) G X x Y 
the elements ui{x,y), . . . , Um{x, y) generate A{x, y) as a C*-algebra. Let p : [0, oo) — > [0, oo) be a nondecreas- 
ing function with limt_^o p(^) — p(0) = 0. We say that A is {X, p)-embeddable (with respect to the sections 
) in a unital C*-algebra D if: 

(1) For every y G Y there is an injective unital representation of yl|xx{j(} in D. 

(2) If (^(^^ and t/J^^^ are injective unital representations of Ajxxfiyi} and A\xx{y2} in then for e > 
there exists a continuous unitary function w : X ^ D such that the representation uap'^^^w* , given by a i— > 
w{x)ip"x\a)w{x)* for a G A{x), satisfies 

ds(w(p''^^w*, (/j*^^)) < e + p{dY{yi,y2))- 

Remark 4.16. Let y be a compact metric space, and let A be a unital continuous field of C*-algebras over y, 
with T{A) separable and exact. We can apply the terminology of the previous definition to A by taking X to 
be a one point space, so that Y = X x Y. Proposition 4.13 now asserts that if m continuous unitary sections 
are given which generate A{ii) for each y, then A is {X, /3)-embeddable in O2 for a suitable p. If po is as in the 
statement of the proposition, then 

p{r) = sup 1 1 V max(po (yi , 2/2 ) , Po (y2 , 2/1 ) ) 
will work. (The relation limf^o p{t) — follows from the continuity of po and the compactness of Y.) 



5. Continuous embedding of exact continuous fields 

Let A be a continuous field of C*-algebras over a compact metric space X, with V{A) separable, exact, and 
unital. In the previous section, we have shown that the fibers of A over nearby points of X have embeddings in 



O2 which are close in a suitable sense. In this section, we use the methods of Haagerup and R0rdam |IIR| to 
make, over a sufficiently nice space X, a continuous selection of these embeddings, so as to obtain a continuous 
representation of A in 02- It is not clear how general X can be in our argument, but certainly any compact 
manifold or finite CW complex is covered. The methods of Blanchard cover more general spaces, but our 
approach has the advantage of giving better information about how close the embeddings of nearby fibers really 
are. We illustrate this for X = [0, 1], by showing that if the function po of Proposition 4.11 (which gives an 
abstract distance between fibers) is Lip", then there is a Lip"^^ representation of A in 02- In the next section, 

1 79 

we will apply our results to give a Lip ' representation of the field of rotation algebras in O2 , which is as good 



as the representation of this field in L{H) in [HR] 



The first five lemmas of this section arc essentially one dimensional, with a parameter space carried along. 
They enable us to treat the case X = [0, 1]" by induction on n. Four of these lemmas are simply modifications 



of lemmas in |HR], the modifications being the parameter space, the need to make do with approximate com- 



mutativity in some places where [HR] has exact commutativity, and the need to handle more general distance 
estimates than Lip ' . 



The following definition is useful for describing our version of Lemma 5.1 of |IIR| 



Definition 5.1. Let X be a topological space, let be a Banach space, and let [a, f3] be an interval in R. 
A function ^ : X x [a, P] —i-E will be called smooth in the [a, P] direction if for every n the n-th derivative 
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-^^(Xjt) exists for every {x,t) (z X x [a,P], and is jointly continuous in x and t. The function ^ is piecewise 

smooth in the [a, (3] direction if there is a partition a ^ to < ti < ■ ■ ■ < t„ = (3 such that Clxx[tj_i,tj] is smooth 
in the [tj^i,tj] direction for 1 < j < n. 

It might be more appropriate to allow the break points tj in the definition of piecewise smoothness to depend 
continuously on x € X, but the definition we give suffices for our purposes. 

Lemma 5.2. Let A be a unital C*-algebra, and let i3 C A be a unital subalgebra with B 02- Let X be a 
topological space, and let u : X — > U{B' n A) be a continuous function from X to the unitary group of B' n A. 
Then there is a function u : X ^ U [B) which is smooth in the [0, 1] direction and such that for all x e X 

we have: 

(1) u{x, 0) = 1 and u{x, 1) = v{x). 

(2) \\j-^u{x,t)\\ <9for aUie [0,1]- 

(3) \\[u{x,t),a]\\ < 4||[u(x),a]|| for alH G [0,1] and a G B' n A. 

(4) ||[^"(^'*)'«]|| < 9||[w(a;),a]|| for alH € [0,1] and a e B' n A 

(5) [w(x,t)aM(x,t)*]|| < 45||[w(a;),a]l| for all t G [0,1] and a e B' r^ A. 



Proof: The proof of Lemma 5.1 of |HR] works essentially as is, using B' n A in place of M and B ^ O2 
in place of M' , and just carrying along the extra parameter x. The homomorphisms used there become tt, p : 
B and tt, p : M3 (g) {B' C\ A) ^ A. We take w and h as there, and the element called v there becomes 
z{x) — Aia,g{v[x)* ,\,v{x)). We define 



u{x,t) — TT exp{ith)z{x) exp{—ith)z{x)* ] ■ p \ exp{ith)z{x) eKp{—ith)z{x) 



The proofs of the estimates are exactly the same as in [HR]. I 



Lemma 5.3. Let X he a, compact Hausdorff space, let v : X ^ U{02) be continuous, let S C O2 he compact, 
and let e > 0. Then there is a function u : X x [0, 1] — > U{02) which is piecewise smooth in the [0, 1] direction, 
and such that for all x ^ X we have: 

(1) u{x, 0) = 1 and u{x, 1) = v{x). 

(2) < 9 + e for aU i e [0,1]. 

(3) l|[M(a;,t),a]|| < A\\[v{x),a\\\ + e for all t e [0,1] and a e S. 

(4) II [f^u{x,t),a] II < 9||[u(x),a]|| +e for all t g [0, 1] and a e S. 

(5) ||^[u(2;,t)aM(x,t)*]|| < 45|| [i;(a;), a] J] +s for all t e [0, 1] and a e S. 

Proof: Let R = sup^gg ||a||. Choose £1 > so small that 

(10 + 8i?)ei +ei < £. 

Choose < (5 < 1 so small that 

9(^-l)<e, and 9 - l) • 2i? < |. 

Choose < £0 < 1 so small that the quantities 

fip 18 fi 2 . /3£n\ , 4 . /3£o\ „ 

0£o, oit£o, r • o£o, -r arcsm , and - arcsm R 

1—0 \ 2 J \2/ 

are all less than £1. Choose a finite set F C S such that every element of S is within £0 of an element of F, and 
a finite subset G C U{02) such that every v{x), for x X, is within £0 of an element of G. 

Let if : O2 ® O2 O2 he an isomorphism (Theorem 0.8). Then by Proposition 0.7 the homomorphisni 
a — !■ Lp{l ® a) is approximately unitarily equivalent to ido,-^ . Therefore there is a unitary w G O2 such that 
1110(^(1 ® b)w* — 6|| < £0 for b £ F (J G. Replacing by w(p{-)w* , we may assume that ||(/?(1 b) — b\\ < Eq for 
b G F U G. li now a G S, then consideration oi b £ F with \\a — b\\ < Eq shows that 111^9(1 <8i a) — a\\ < Seq. 
Similarly, ]|iy9(l (g) v{x)) — v{x)\\ < Seq for all x G X. 
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Use the previous lemma, with A — O2 ^ O2 and B = O2 ® C, to choose a smooth (in the [0, 1] direction) 
function uq : X x [0,1] ^ U {O2 <8i O2) for the unitary a; 1^ 1 (g) v{x). Define h{x) = — i \og{v{x)*(p{l (X) v{x))), and 
note that \\v{xy if{l(^v{x)) — l\\ < 3eo, so that ||^(-i;)|| < 2 arcsin(^). Then set ui{x, t) — exp{ith{x))(p{l(^v{x)). 
Now define 



u{x, t) 



(uo (x, ^ 



< t < 1 - (5 

^ ui (x, |(i - 1) + f) 1-6 <t<l. 

Clearly {x,t) 1— > u{x,t) is a continuous and piecewise smooth (in the sense of Definition 5.f) unitary path from 
f to v{x). 

For < t < 1 — S, we now estimate the quantities in parts (2) through (4) of the conclusion. We have 



j^u{x,t) 



1 



1-6 



ju,{x,t) 



< 



9 



1-6 



< 9 + ei. 



Next, for a € S", we have 

\\[u{x,t),a]\\ < 2\\(p{l^a)-a\\ 



Uq X, 



t 



1-6 



1 «) a 



and 



dt 



u{x, t), a 



< 2 



< 6eo 



< 6£o + 4||[w(a;),a]|| < £1 + 4|| [w(.t), a] | 

'^■u{x,t) ||(p(l (Ki a) — a|| + 
9\\Hx),a]\\ 



dt 



<y5 



Uo X 



1-6 



, 1 (81 a 



1-6 1-6 



1 



1 - 6 



-1] ■2R + 9\\[v{x),a]\\ <ei+9\Mx),a]\\. 



Estimating these same quantities for 1 — 6 < t < 1 instead, we obtain 

d 



dt 



u{x, t) 



1 2 . /3eo 
< - < T arcsm 



< £1 < 9 + ei, 



[u{x,t),a]\\ < 2R\\u{x,t) - v{x)\\ + || [w(.t), a] || < 2R\\ip{l(E) v{x)) - v{x)\\ + \\[v{x),a] 
< 6Reo + \\[v{x),a]\\ < £1 + 4|| [i;(a;), a]|l , 



and 



—u{x,t),a 



1 



= -\\[th{x),a]\\ < -\\h\\\\a\\ < -arcsin — ^ ] R < ei + 9\\[v{x), a]\ 



3£o 



We thus obtain in both cases, for a ^ S, 

<9 + £i, II [u(a;, i), a]|| < 4|| [i;(a;), a]|| + £1, and 



|u(x,i) 



—u{x,t),a 



< 9||[t;(a;),a]|| +£1. 



Estimates (2), (3), and (4) follow since £1 < e. Moreover, following the reasoning at the end of the proof of 
Lemma 5.1 of [HR|, we obtain for a G 5 (using also £0 < 1) 



— [u{x, t)au{x, t)* 



< 



dt 



u{x, t), a 



dt 



u(x, ty 



\'^i^^t)*\\ + \\['^i^it)^o]\\ 

< 9||[w(a;),a]|| +£1 + (4|| [i;(a;), a] || + £i)(9 + £1) < 45|| [u(x), a] || + (10 + 4|| [w(a;), a]|| )£i + £? 

< 45||[i;(a;),a]|| + (10 + 8i?)£i + £^ < 45|| [w(x), a] || + £, 

which proves (5). I 
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Lemma 5.4. Let X be a compact metric space. Let A and B be two continuous fields of C*-algebras over 
X X [0, 1], and let a and /? be representations of A and _B in Let ui, . . . , Um be continuous unitary sections 
of A, let vi, . . . , Vm be continuous unitary sections of B, and suppose there is r > such that for every t e [0, 1] 
there is a continuous unitary function z : X ^ U{02) satisfying ds{z{a\xx{t})z* , f3\xx{t}) < ^- Then there is a 
continuous unitary function w : X x [0,1] U{02) such that dsiwaw* , f3) < lOr. Moreover, given continuous 
functions cq, ci : X ^ U{02) such that ds{ci{a\xx{i})c* , P\xx{i}) < ^ for i = 0, 1, we may choose w to satisfy 
w{x, i) = Ci{x). 

Proof: Choose a partition = < < ■ • • < = 1 of [0, 1] such that 

V T 

d's{a\xx{t}-,(Axx{t,}) < -j^ and ds{fi\xx{t}, P\xx{t,}) < 

for t G [tj_i,<j]. By hypothesis, there are continuous unitary functions zo,...,z„ : X — > U{02) such that 
ds(2;j(a|xx{tj})^j'7/3|xx{tj}) < t"- If unitaries Ci are given, take zq = cq and z„ — ci. Now estimate 

||[zj_i(j;)*Zj(2;),a:r,t,(u/(a:,ij))]|| < ds((z*_iZj)(a|xx{t,})(4-i^j)*' "Ux{t,}) 

< ds(2:j(aUx{t,})2*,/3Ux{t,}) + rfs(/3|xx{ij},/3|xx{tj_i}) 

+ ds(2:j*_i(/3Ux{t,_i})2j-i,aUx{t,_i}) +c's(aUx{t,_i},a|xx{tj}) 
2r 

< +21- 

Combining this with the estimates at the beginning of the proof, we get 

4r 

\\[zj^i{x)*zj{x),a^^tiui{x,t))]\\ < 2r + — 

for t £ [tj-i, tj], X E X, and 1 < I < m. 

By Lemma 5.3, there are continuous unitary functions z : X x [ij-i, tj] — )■ O2 with 

z{x,tj^i) — 1 and z{x,tj) = Zj^i{x)* Zj{x), 

such that (from part (3) of the conclusion) 

ds{{z\xx{t}){(^\xx{t}){z\xx{t})*,o:\xx{t}) = sup \\[z{x,t),aa:.t{ui{x,t))]\\ 

xex 

, . 4r\ r „ 17r 

< 4 2r+— + — = 8r 



2iy 21 21 

for t e and 1 < / < m. (We can reparametrize the interval because we don't use the estimates on the 

derivatives.) Now define w{x,t) = Zj-i{x)z{x,t) for t G [ij_i,tj]. Then w is continuous, and for each t, 

ds{{w\xx{t})(Mxx{t}){w\xx{t}T,f3\xx{t}) 

< dsiiz\xx{t}){a\xx{t}){z\xx{t})* ,a\xx{t}) + dsia\xx{t},a\xx{tj_i}) 
+ ds{P\xx{t},P\xx{t,^i}) + ds{zj-i{a\xx{t,^i})Zj^i,P\xx{t,^i}) 

( YJr\ 2r 2r 

< +- + -+. = 10., 

as desired. Furthermore, w{x,0) = zq{x) and w{x, 1) = Zn{x) for all x. I 



The next lemma is an analog of Lemma 5.2 of [HR]. There is one additional twist, namely the number n', 



which is necessary in the absence of a Lipschitz condition. 

Lemma 5.5. Let X be a compact metric space, let A be a unital continuous field of C*-algebras over X x [0, 1], 
and let ui,...,Urn be continuous unitary sections of A such that for each {x,t) G X x [0,1] the elements 
ui{x,t), . . . ,u„i{x,t) generate A{x,t) as a C*-algebra. Assume that A is (X, /9)-embeddable (Definition 4.15) in 
O2 for some p, using the usual metric on [0, 1]. Let ip'^^^ and (p^^^^ be injective unital representations of A|xx{to} 
and A\xx{ti} in O2, with 

ds{v^°^xx{to},V^^^\xx{t,}) < do 
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for some do > p{ti — to). Let < n' < n he integers, and set Sj — to + j{ti — to)/n. Then there are injective 
unital representations 7^-'^ of ^|xx{sj} such that 7^°^ = ip^^\ 7^"^ = <p^^\ and 



ti — to 



+ ^■do and rfs(7^^\ < Qln'p ( + Qlrfo 
n' \ n J 



for all j. 

Proof: The proof is easy if p {^^-^) = 0. So assume p {^^^^) > 0. Choose e > such that 

' < 2JT-I (^) ' " ^^'^ " ■ 

Choose n" and integers = j{0) < < ■ ■ ■ < j{n") = n such that n' < j{r) — j{i — 1) < 2n' for all r. We 
construct the ^f^^"^ for j{r — 1) < j < j{r) in blocks, by induction on r. 

We start with r = 1. Using both the existence of injective unital representations and the sectional distance 
estimates for them in the definition of (X, p)-embeddability, construct injective unital representations P^^^ of 
^\xx{sj} for < j < j(l) such that 



/?(0) = <^(0) and ds (/?(^'-^^ , /3^''> ) < e + p 



ti — to 



(This is done by induction. Take /?'•''■' = (p^^\ Choose any injective unital representation /3 of ^|xx{si}i a-ud 
z: X ^ U{02) such that ds{(}'^°\ zf3z*) <e + p (^^) • Set = z^z*. Then choose an injective unital 
representation /3 of ^|xx{s2}) ^tc.) 
For < i, j < we then have 



ds{P^'^,P^^^)<\i-j\ (e 



tl -tr 



The approximate unitary equivalence part of the hypotheses implies that there is a continuous function wi : 
X U{02) such that 

dsK/3(^(i»u;t,/3(")) <e + p (^j(l) • < e + p{ti - h). 

Combining the last two inequalities, we obtain, for < j < 

sup max \\[w^{x),pi^'>{ui{x,sjm\ < ds{f}^'\ P^'^'^^) + ds{P^'\ + s + p{ti - to) 



xex 



KKm 



< 2n'p(^^^-^'^+p{t,-to). 



Now apply Lemma 5.3 to obtain a function wi : X x [0, 1] — > U{02) which is piecewise smooth in the [0, 1] 
direction and satisfies 



'Wi{x,Q) = I, wi{x,l) = wi{x), and 



'Wi{x,t)aivi{x,t)* 



< 45||[w;i(x),a]|| +£ 



for all X and t, and for a in the compact set 

S = {P^^\ui{x, Sj)) : 1 < / < m, < j < j(l), x e X}. 

Define 



^i^\a) = w, i^x, • /30)(a) • m (x, 

for a € A{x, Sj) and < j < This immediately gives 7^°-' = /3*^°^ = ip'^^^ and 

ds{7^^^'^\^^°^)<e + p{t,-to). 
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Moreover, using the derivative estimate from the previous paragraph, as well as n' < < 2n', we obtain, for 
1 < / < TO, 1 < j < and xe X, 



0-1) r 



< \\Pi^\ui{x,sj)) - f3(J-'Huiix,sj_,))\\ + 

''u-i)/m 



dt 



wi {x, t)/3j^^^ {ui {x,Sj))wi{x,ty 



dt 



< e + p 



ti — to 



1 



45 ( 2n'p 



ti — to 



n 



+ p{ti -to)] + s 



< 2e + 91/9 



ti-to\ ^45 

'+—p{ti-to). 



Thus 



ti-to\ 45 



+ —piti - to) < 



\ n J n' 



The induction step for r < n" is essentially the same. We start with j^^^^ satisfying 

rfg(^a(r-l))^<^(0)) + 

Construct, as at the beginning of the initial step, injective unital representations P^^^ of A|xx{s3} -^(^ — 
3 < jir) such that 



^(j(r-i)) = ^(j(r-i)) and ds{(i^^-'^\ P^^^) <e + , 



ti -tc 



(This redefines [3'^^'^'^ from the previous step, but we are done with the earlier one.) We obtain the same 
estimate on ds , ) as before, and then the approximate unitary equivalence part of the hypotheses provides 
Wr-.X^ U{02) such that 



ti — to 



n 



< e-\r p{ti - to). 



It follows that 

The commutator estimate in the initial step becomes 

sup max \\[wr{x),f3^j\ui{x,sM\ < ds{(i^^\ p'^^'-'^^^) + ds{(i^^\ P^^^"-^^^) + 2{e + p{t^ - to)) 



< 2n'p 



ti — to 



+ 2p{ti - to) 



for j{r — 1) < j < j{r). Now apply Lemma 5.3 as before, obtaining Wj- : X x [0, 1] U{02)- (In the definition 
of S, now use j{r — 1) < j < j{r).) 
Define 



(a) = Wr 



j - jjr - 1) 
' j{r)-j{r- 1) 



■(3i^Ha)-Wr(x, 



3 -.ijr - 1) 
j(r) - j{r - 1) 



for a G A{x, Sj) and j(r — 1) < j < j{r). This gives the same ^^^^^ that we already have, and also immediately 
gives 

dg(^OW),^(o))<e + p(i,_io). 



36 



KIRCHBERG AND PHILLIPS 



Set k = j{r) — j{i — 1) >n'. The analog of the second last estimate in the initial step is then: 

H^\ui{x,Si))-4^-'\ui{x,s^.r))\\ 

U-jir-l))/k ^ 



+ 



Ju-i 



< s + p 



U-l-3{r-l))/k 
tl-to\ , 1 
' k 



dt 



Wr{^,,t)(3'^/\ui{x,Sj))Wr{x,t) 
ti — to 



dt 



45 2n'p 



+ 2p{ti -to)) + e 



< 2e + 91p 



ti-to\ ^90 

+ —p{ti-to). 



Thus again 



rfg(^O)^^O-i)) < 2£ + 91p 



ti-to\ 90 



-piti - to) < 91p 



ti-to\ 90 



-T • do. 

1' 



For the final step (with r = n"), we do things slightly differently. Choose (3'^^^ for j(n" — 1) < j < = n 

as before, but then choose Wn" to satisfy 

(We have used ip^^^ in place of ip^^\ Both and ip^^^ are injective representations of ^|xx{ti} in C'2-) This 



now gives 



so 



< 2e + p{ti - to) + do, 



sup ma^ \\[wn"{x),P^'Kui{x,Sjm\ < ds{(3^i\ (3^^^^) + ds{(3^^\ fi^^^^" -^^^) + 2e + p{ti - to) + do 



< 2n'p 



ti — to 



■ p{ti - to) + do- 



Choose Wn" as in the induction step, and define 7*^^-' as there for j{n" — 1) < j < n. Define 

k = n— j(n" — 1) > n'. Then the estimate of ds{'j^-'\^^-'~^^) in the induction step becomes, for j(n" — 1) < j < n, 



ti — to 



+ - 



j{n")-jin"-l) 



+ Pih -to)+do] +s 



< 2s + 91p(*-^^) +^-ip(ti-to)+do). 



For j = n, the corresponding estimate requires one extra term, namely ds{wn" f3^^^ w^,, , ip^^^) < e, so 
ds(^("), ^("-D) < 3£ + 9ip fh^\ + ^ . (p(t, _ to) + do). 



\ n 



In either case, we still have 



ds(^a-i),^0)) <9ip 
Our inductive construction is now complete. We have 

(is(^0-i),^0)) < 9ip 



ti-to\ , 90 , 

nrt' 



n' 



ti-to\ 90 



• do 
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for all j with 1 < j < n, and also, since e + p{ti — to) < do, we have (is(7^^'^'')\ f^^^) < o'o for all r. Now let j be 
arbitrary. Choose r such that \j — j{r)\ < n' — 1. Then 



do < 91n'p ( ^^-I^ ] + 91do, 



< (^'-1) 
as desired. I 

The following lemma is essentially the induction step in the main part of the proof of the theorem of this 
section. It is the analog of Lemma 5.3 and Theorem 5.4 of |HR|. 

Lemma 5.6. Let X and Y be compact metric spaces, with metric dy on Y. Let ^ be a unital continuous 
field of C*-algebras over X x [0,1] x Y, and suppose that there are continuous unitary sections ui,...,Um 
such that for each £^ ^ X x [0,1] x Y the elements ■ • • ^UmiO generate A(^) as a C*-algebra. If A is 

{X, /ci)-embeddable in O2, with respect to the metric d[Q xy ((ti, J/i), (^2, 2/2)) = 1^2 — | + dyiy 1,1/2), then A is 
{X X [0, 1], 10p)-embeddable in O2, with respect to the metric dy- 

Proof: Assuming the existence part of {X x [0, 1], 10/9)-embeddability, the approximate unitary equivalence 
part follows directly from Lemma 5.4. We therefore prove existence. 

We can assume without loss of generality that p{r) > for r > 0. Fix yo G Y; we construct an injective 
representation of ^|xx[o,i]x{jfo} ^2- Choose positive integers ni, n2, . . . such that nk > 360 and the integers 
-^fe = "■i?^2 ■ ■ ■ fT-k (with A^o = 1) satisfy 

for all k. Set n' — 360. Define do = 91/o(l): a-nd inductively define 

/ 1 \ 90 

Note that, by induction, we have p (^^^ 1^ 2^'^p(l). We can now inductively estimate dk- First, do < 2 • 91 • p{l)- 
Furthermore, if d^ < 2-''+^ ■ 91 ■ p{l), then 

dk+i - 91p (^^] + ^ • dfe < 2-^-1 • 91 • p{l) + I ■ 2-'=+! • 91 • p{l) = 2-'^ ■ 91 • p{l). 

Therefore dk < 2-''+^ ■ 91 • p{l) < 2-^ ■ 182 • p(l) for aU k. 

We now construct injective unital representations (ys^*^ of A\xy^{t}x{yQ} i^i ^2 for t in the set 

S = {j/Afe : fc > 0, < i < Nk}. 

These representations are required to satisfy 

for 1 < J < Nk and 

rfg(^07JV.+r/Af.+i)^^07JV.)) < dk+n'dk+i 

for < j < A^fc - 1 and < r < nk+i- 

The construction is by induction on k. By hypothesis, there are injective unital representations (/S^*-* of 
A\xy.{t}x{yo} in C'2 for i = and t = 1. Since pil) < do, the approximate unitary equivalence part of 
the hypothesis of (A, p)-embeddability implies that there is a continuous function v : X ^ O2 such that 
dsiip^°\v(p''^^v*) < do- Replacing (p^^^ by vtp'^^^v*, we may assume that ds{'p^°\(p''^^) < do. 

For the induction step, assume that (^(^7^'') has been constructed for < j < A^fc. Apply the previous lemma 
to each interval [j /Nk, {j + 1)/Nk], and call the resulting representations (^07^fc+''/^fc+i) for < r < Uk+i- The 
estimates in the conclusion of that lemma give 

ds(^«-i)/^^+^', < 91p ( + ^ • d, = dk+i 



Nk+i J n' 
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for juk+i <i<{j + l)nfe+i and 

rfg(<^(i/JV.+i)^ ^an.+i/iv.+i)) < 91n'p + Qlrffe = dk+ n'dk+i 

for juk+i < i < [j + l)nfe+i, as desired. This completes the inductive construction. 
Note now that for < r < Uk+i we have 

< 2dk + n'dk+i. 

Let < ji < 32 < -^fe+i, and let i\ and 12 be the smallest and largest integers respectively that satisfy 

<4L and 4^< 



Nk+i - Nk Nk - Nk+i ■ 

If ii < 12, then 

ds{(p^^'^'^''+''\v^^^^^''+''^) 

< 34 + 2n'4+i + ds{v^''/^>'\^^''/^''^). 
Otherwise, we have ii = 12 or ii = 12 + 1. In either case, 

rfg(<^0i/JV,+i)^^02/JVfe+i)) < rfg(<^0i/JVfe+i),(p(i2/JVO) + (^g(^(i2/JV,)^^(j2/JV,+i)^ < 34 + 2n'4+i. 

(We actually get 2dk + 2n'dk+i if it happens that ii = 12 + 1.) The second estimate necessarily holds whenever 

h 31 ^ 1 



Nk+i Nk+i Nk 

An induction argument therefore shows that if < < f2 < 1 are in S and satisfy t2 — ti < , then (using 
dk < 2-'' ■ 182 • p(l) and n' = 360) 

00 00 

ds(v'^*'\ <^^*^') < ^{^ds + 2n'd^+i) < (6 + 2n') • 182 • p(l) ^ 2"* < 133, OOOp(l) • 2"'=. 

5=fc 5=fe+l 

Consider now, for each fixed Z, the function from S to C(X, ©2) which sends t to a; ipx \ui{x,t,yo)). The 
estimate of the previous paragraph implies that this function is uniformly continuous, and therefore extends 
by continuity to a function defined on all of [0, 1], whose value at t we denote by a; wi{x,t). We now want 
to extend the map 7i;(.To, to, 2/o) '-^ wi{xo,tQ) to a homomorphism '^(xo.to) • ^(2^0,^0,2/0) ^?2- Let p be a 
polynomial in 2m noncommuting variables, and suppose 

p{ui{xo,to,yo),ui{xo,to,yo)*, . . . ,Um{xo,to,yo),Um{xo,to,yo)*) = 0. 

Then 

t ^ p{ui{xo,t, yo), ui{xo, t, yo)*, Umixo,t, yo), Um(a;o, t, yo)*) 

is a continuous section of ^|{a;o}x[o,i]x{i/o} which vanishes at {xo,to, yo). Considering a sequence {tk) in S which 
converges to to, and using the fact that i}{xa,t) is the restriction of a homomorphism for t G S, we see that 

p{wi{xo,to),Wi{xo,toy,...,Wm{xo,to),'Wm{xo,toy) 

= lim 'ilJ(xo,tk){p{'^i{^o,tk,yo),ui{xo,tk,yo)* , ■ ■ ■ ,Um{xo,tk,yo),Um{xo,tk,yo)*)) = 0. 

fc— >(X) 

It follows that ui{xo,to,yo) i-^ wi{xo,to) extends to a homomorphism from the *-subalgebra generated by 

Ui{xo,tQ,yQ), . . . ,Um(xQ,to,yo) to 02- A similar approximation argument shows that this homomorphism is 
a contraction. Therefore it extends to the C*-algebra generated by these elements, which is A{xo,to,yo) by 
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hypothesis. One checks directly that for a polynomial Px.t in 2m noncomniuting variables and with coefficients 
varying continuously with {x,t), the function 

{x,t) 1-^ ■il;x,t{px,t{i^iix,t,yo),ui{x,t,yo)*, . . . ,Ujn{x,t,yQ),u„i{x,t,yo)*)) 
= P:c,t(wi(a;,i),wi(a;,i)*, . . . ,Wm{x,t),Wm{x,t)*) 
is continuous. A partition of unity argument shows that sections of the form 

{x,t) 1-^ px.t{ui{x,t,yQ),ui{x,t,yo)* , ■ ■ ■ ,Ura{x,t,yo),Um.{x,t,yo)*) 
are dense in the set of all continuous sections of ^|xx[o.i]x{j/o}' ^'^'^ ^ standard argument now shows that 
I—!- ip(^x.t){'^ixjt)) is continuous for any continuous section a of Aj^x [o,i]x{j/o}- Therefore is a representation 
of A\xx[o,i]x{ya} in C'2- The maps '4'(x,t) ^re injective for t £ S hy construction, so ip is injective by Lemma 4.6. 
This completes the proof of the existence part of {X x [0, 1], 10p)-embeddability. I 

Theorem 5.7. Let X C [0, 1]" be a compact subset, and suppose there is an open set U C [0, 1]" which contains 
X and a continuous retraction f : U ^ X such that f\x = idx ■ Let A be a continuous field of C*-algebras over 
X, and assume that the section algebra T{A) is separable and exact. Then A has an injective representation in 
O2, which can be taken unital if A is unital. Moreover, if A is unital then any two injective unital representations 
(f'^^^ and (fi^^^^ of A are approximately unitarily equivalent in the sense that, for any finite set F of sections and 
any £ > 0, there is a continuous unitary function u : X O2 such that \\u{x)ip'^\a{x))u{x)* — (p^^\a{x))\\ < e 
for all a G F and x E X. 

Proof: We do the existence part first. 

Unitizing A as in Lemma 4.2, we reduce to the unital case. (Exactness of the section algebra is preserved 
by Lemma 4.8.) Theorem 8 of shows that K (g) T{A) is singly generated. So {K (g) T{A))'^ has a finite 
generating set, which we may take to consist of selfadjoint sections ai, . . . , a; satisfying ||a;|| < tt. 

Let B be the continuous field over [0,1]" obtained by first forming the unitized tensor product {K ^ A^ 
following Lemmas 4.1 and 4.2, then constructing f*{{K(E)Ay) over U following Lemma 4.3, and finally extending 
over [0, 1]" with fiber C at points not in U as in Lemma 4.4. Note that B\x ^ {K (E) A^ . 



We must show that r{B) is exact. First, r{K (g) A) = i^T g) r{A) is exact by Proposition 7.1 (in) of | |Kr4 |. 
Then r{{K (g) A)'') is exact, by Lemma 4.8 again. We now show that r{B) is exact by showing that the maps 
B{xo) -> r(B)/{6 e T{B) : b{xa) = 0} are locally liftable (Condition (2) of Theorem 4.7). If xq ^ U, then 
B{xo) — C, and this map lifts to a homomorphism to r(i?). If xq G U, let E C B{xq) be a finite dimensional 
operator system. Note that B{xo) ~ ((if (g A)'l')(/(xo)), so there is (by (1) implies (2) of Theorem 4.7) a unital 
completely positive map Tq : E ^{{K g) A)^) which lifts the map 

E ^ TiiK (g A)t)/{a e r((i^ (g A)t) : a(/(xo)) = 0}. 

Choose any state cu on E, and choose a continuous function ho : [0, 1]" ^ [0, 1] such that Hq vanishes outside U 
and hoixo) = 1. Then define T : E ^ T{B) by 

T{b){x) = hoix)To{b){f{x)) + (1 - hoix)Mb) ■ 1b(.). 

This map lifts E r{B)/{b G r(_B) : b{xo) — 0}, and is readily checked to be unital and completely positive. 
This completes the proof that r{B) is exact. 

Choose a continuous function h : [0, 1]" [0, 1] such that h{x) > exactly when x £ U. Then the functions 
X 1-^ h{x)ai{f{x)) (taken to be for x ^ U) are continuous sections of B. Together with 1, their values at x 
generate B{x) for all x. Therefore (since ||a;|| < tt) the sections ui{x) = exp(i/i(x)a;(/(x))), for I < I < m, also 
generate each B{x). 

For < < n write [0, 1]" as Yfc x Zk with Yfe = [0, 1]'' and Zk = [0, 1]""'^'. From Remark 4.16 it follows 
that B is (Yq: p)-embeddable in O2 for a suitable p, with respect to the metric d{x,y) = X]j=i Ij/j ~ Using 
induction and Lemma 5.6, we find that B is (Yfc, 10'^p)-embeddable in O2 for all k. In particular, taking k = n, 
we see that B has an injective unital representation in 02- 

Restriction to X gives an injective unital representation (p of {K ^ A^ in 02- Let e G K he a rank one 
projection, and define a continuous section p of {K g) A)^ by p{x) — e® 1a(x)- Then the function x i— s- ipx[p[x)) 



is a projection in C(X, 02)- It follows from |Eh2] that the set P of projections in O2 other than and 1 is weakly 
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contractible (all homotopy groups trivial) . Since it is homotopy equivalent to an open subset of a Banach space, 
it is contractible. Therefore the projection x i—* ipx(p(x)) is homotopic to a constant projection a; i— > po for some 
Po e 02- It follows that there is a unitary v G C(X, O2) such that v{x)Lpx{p{x))v{x)* = po for all x G X. Then 
a I— > v{x)(pxiG ® a)v{x)* is an injective unital homomorphism from A{x) to P0O2P0, and the family of all these 
homomorphisms is an injective unital representation of A in po02Po- Since P0O2P0 — O2, the existence part is 
proved. 

Now we do the approximate uniqueness part. Let the notation be as in the existence part. Choose a 
homomorphism fxo : K (g) O2 O2 which is an isomorphism onto a (nonunital) hereditary subalgebra of O2 , 
and let ^ : {K ® ©2)^ O2 be the unital extension. Then the definition (^(*) = ji o (id^ (8)(/?i*^) gives two 
injective unital representations of {K (g) A)^. Extend these to unital injective representations of B by setting 
"02:* ■* = '^/(a:) for x € /7 and ip^f' (A) = A • 1 for x ^ U. In the existence part of the proof, we saw that B is 
(1^, 10"/9)-embeddable in 02- It follows that V*-^^ is approximately unitarily equivalent to ip^'^\ Restricting to 
X, we see that (p'^'^^ is approximately unitarily equivalent to (^^^^ . 

Let F e r(yl) be finite, and assume all elements of F have norm at most 1. Regard F as a subset of T{{K®A))^ 
via a ^ p® a (with p as above). Choose 5 > Q such that 6 < and also small enough that if projections qi 
and q2 satisfy — fi2|| < ^, then there is a unitary z with zqiz* = q2 and j|z — 1|| < |. Apply the definition of 
approximate unitary equivalence to G = i*' U {p}, using S for e. Call the resulting unitary w. Find z as above 
with qi = wpw* and q2 = p. Then u = pzwp is a unitary function with values in O2 = Ce ® O2 C {K ig) 02)^ 
which satisfies \\u{x)ip^\a{x))u{x)* — ip^\a{x))\\ < e for all a G F and x G X.t 

We now want to extend this theorem to finite CW complexes. For this, we need a relative version. The 
following lemma is easy to prove and suSices. 

Lemma 5.8. Let D" be the closed unit ball in M", with boundary S'"~^. Let A be a continuous field of 
C*-algebras over D", such that the section algebra T{A) is separable and exact. 

(1) Let (fi be an injective representation of A\sn-i in 02- Then there exists an injective representation ip of 
A in O2 such that = cp. If A and (p are unital, so is tp. 

(2) Assume A is unital, and let (p^^^ and i^^^^ be injective unital representations of Ain 02 - Let mi, . . . , m„ be 
unitary sections of A, and let zq : S"~^ — > U{02) be continuous and satisfy ds{zo{(p^^^\s^-^)zQ,(p^'^^\sn-^) < 5. 
Then there is a continuous unitary z : U{02) such that z\sn-\ = Zq and dsizip^^^ z* , <p^^^) < 105. 

Proof: It is convenient to define 

%) = {a; e r>" : ||a;|| = r} and S{ri,r2) = {x e D"" : n < \\x\\ < r2}. 

We identify S{r) with S'^~^ in the obvious way. We further identify S{ri,r2) with S'^~^ x [0, 1] by starting at 
the outside edge: S{r2) goes to x {0}. 

We first prove (1). Unitizing A (and correspondingly (p>) as in the proof of the previous theorem, we may 
assiime A and (p are unital. Let "0^"'' be an arbitrary injective unital representation of A in O2 (from the previous 
theorem). Choose a sequence Ui, M2, . . . of unitary sections of A such that Ui{x), U2{x),. . . generate A{x) for 
every x G £>". Write rfg"^ for the sectional distance with respect to ui, . . . , w„. Choose < ri < r2 < • • • < 1, 

with r„ ^ 1, such that rfg"^(V''-°-'|s(r), V'^°^|s(i)) ^ for r„ < r < 1. By the previous theorem, '0^°^|s(i) 
is approximately unitarily equivalent to ip, so there are continuous fimctions : S{r) ^ U{02), for r„ < 

r < r„+i, such that 4"^(^"n,'-(^^°^U(r)X,r. 'P) < 2 • 2"". We may take Wi^^i = 1- By Lemma 5.4, there exist 
Zn ■ S{r„,rn+i) U{02) such that 

Zn\s{r„) = ■U'„,r„, ^:n|s(r„+i) = ■U'„+l,r„+i, and d^^\zn{x)'ll}'^^'^ Zn{x)* , ip^ /\\x\{) < 20-2"". 

Define a continuous function z from the interior of 2?" to U{02) by setting 2; = on 5(r„, r„+i) and z{x) = 1 
for ||a;|| < ri. Then set -tpx = for ||x|| = 1 and tpx = z{x)ip^'^ z{x)* for < 1. This defines the required ip. 

Now we prove (2). The previous theorem provides a continuous w : D" U{02) such that dsiwip'^^^w* ,ip^^^) < 
S. Use Lemma 5.4 to find z : S{^, 1) U{02) such that 

z\s^-i=Zo, z\s(i/2) = w\s(i/2), and ds{z{(p^'^^\s(i/2,l))z* , ip^'^'>\s{l/2,l))) < 
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Then define z{x) = w{x) for < 5. I 

Theorem 5.9. Let X be a finite CW complex. Let A be a continuous field of C*-algebras over X, such that 
r(^) is separable and exact. Then A has an injective representation in O2, which can be taken unital if A is 
unital. Moreover, if A is unital then any two injective unital representations tp^^^ and tp^^^ of A are approximately 
unitarily equivalent in the sense of Theorem 5.7. 

Proof: Both parts are proved by induction over the cells, and both are immediate from previous theorems 
for a zero dimensional finite CW complex. 

For the existence induction step, assume the theorem is known for X, and let Y = X Uf Dn, where / : 
S"'~^ X is the attaching map. Let g : Z)„ ^ y be the map extending /. Let ip he a, (unital) injective 
representation of A\x in 02- Then x ffix) is a (unital) injective representation of g*{A)\sr<.-i in 02- Now 
g*{A) is exact (one checks condition (2) of Theorem 4.7; it is easier than in the proof of Theorem 5.7) and has 
separable section algebra. The previous lemma therefore provides a (unital) injective representation of g* (A) 
in O2 which extends x 1— > ipf(x)- Use it to extend 1^ to a representation of A. 

For the approximate uniqueness result, let a finite set F of sections and e > be given. Without loss of 
generality the sections in F are all unitary. Let N be the number of cells of strictly positive dimension, and let Xq 
be the zero skeleton. Given tp^^^ and tp^"^^ , choose a unitary Vq : Xq ^ O2 such that ds {vq {ip^^^ \xo )vq , ^''■^^ |xo ) < 
10~^£:. Use the uniqueness part of the previous lemma, in the same way the existence part was used in the 
previous paragraph, to extcnci ('o cxill by cell. If X„ is the subcomplex obtained by adding n cells and Vn is the 
unitary defined on it, we will have ds{vn{^^^^\x„)Vn, 

The advantage of the methods of this section is that they give control over the "smoothness" of the images 
under the representation of the generating sections. Here is the one dimensional version, which is easy to prove. 

Theorem 5.10. Let A be a unital continuous field over [0, 1] such that T{A) is exact, and let iti, . . . , Um G r(^) 
be unitary sections of A such that, for each x E X, the elements ui{x), . . . , Um{x) generate A{x). Suppose the 
function po of Proposition 4.11 (using ui, . . . , u,n in place of ai, . . . , am) is Lip" for some a € (0, 1], that is, 
there is a constant Cq such that pQ{x,y) < Co\x — y\" for all x, y G [0,1]. Then there is a unital injective 
representation (,5 of A in O2 such that the the functions x 1— > ipx{ui{x)) are Lip"/^, that is, there is a constant 
C such that \\ipx{ui{x)) — tpy{ui{y))\\ < C\x — for all x, y € [0, 1]. Moreover, C depends only on Co and a. 

Proof: By Proposition 4.13, the function p defined there satisfies 

p(x,y)<UCl%-yr^^. 

That is, taking Xq to be a one point space, A is (Xq, /9)-embeddable in O2 with p{t) = llCp^^t"/^. (See 
Definition 4.15 and Remark 4.16.) 

We now follow the proof of Lemma 5.6, with the spaces X and Y there both one point spaces, and making 

1 /2 

suitable minor modifications. Set Ci = llCg , and set 

Choose some integer n with 181^ < n < 181^ + 1. Choose the numbers of the proof of Lemma 5.6 to be 
ni = = • • • = n' = n, so that = n'^ ■ Take do = I8IC1, and define d^+i = 91p(n"(''+^)) + 90n~^rffc 
inductively, as in the proof of Lemma 5.6. We prove by induction that dk < ISlCin"*^"/^. The one slightly 
nontrivial step is the observation that 

181n-(i-«/2) < i8li-/3(i-«/2) = 1. 
Following the procedure of the proof of Lemma 5.6, we now obtain, for n~^^~^^^ < ^2 — ii < n~'', the estimate 

°° „-ka/2 -(fe+l)c</2 

ds(^(*^),(p(*^)) < V(34 + 2nd,+i) <3-181Ci-- ^ + 2n • I8IC1 • 

s=k 



181Ci(3n"/2 + 2n) ^ I8IC1 (5(181/^ + 1)) _ 

l-n-"/2 - l-181-"/3/2 -^^^ H) . 
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The rest of the proof goes through as it stands, and we obtain in the end 
with 

^ 181-5(181^' + 1) 
M(a) = 11 i -r—^. 

y I i-i8i-"'3/2 

This proves the theorem with C = M{a)Cy^ . I 

Remark 5.11. With more care, the choice of M{a) in the proof of Theorem 5.10 can be improved considerably. 

1/2 

To keep down the sizes of some of the numbers in the next section, we describe how to get C < 330, OOOCq 
in the case a = 1. First, taking n' = n in the proof of Lemma 5.5 allows considerable simplification (this is the 



case done in | HR | ) and improvement of the conclusion to 



d3(^b-i),y.))<46.p('^^Ul^.do. 



Let Ci be as in the proof of Theorem 5.10, but take n = n' = 90 (as in |HR|). Take c?o = 46Ci and 



dkj^i = 46p(n C^+i)) + 45n ^dk- Then dk < 92Cin ^^"^ . For ii and ti of the form jxjn^^ and iijn^'^ , estimate 



ds((p(*i), |-,y ^]-^g niore careful method in the proof of Theorem 5.4 of [HR]. One obtains 



ds(v?^*'\v'^*'^) < 320-92-Ci • |i2 -tiT/^ < 30,000Ci|i2 -tiT/^. 
6. The field of rotation algebras 

In this section, we apply the results of the previous section specifically to the continuous field of rotation 
algebras. In Theorem 5.4 and Corollary 5.5 of [|HR[| , Haagerup and R0rdam construct a Lip^^^ (with respect 
to the sections given by the standard generators) representation of the field of rotation algebras in L(Ji) for a 

1/2 

separable infinite dimensional Hilbert space H. In this section, we produce a Lip ' representation in 02- 



By combining the estimates of Haagerup and R0rdam (Theorem 4.9 (1) of |HR|), the explicit estimate in 
Lemma 1.8, an easy computation to show that the constant M there is 1, and Lemma 1.10, one finds that the 
function po of Proposition 4.11 satisfies po{di, 62) < 480 • 16*1 — 6'2|^^^. A slight modification of Theorem 5.10 (to 
use the circle instead of [0, 1]) then gives a Lip^^^ representation in 02- 

We improve this procedure by estimating po(^i) ^2) directly. By explicitly estimating the completely bounded 
norms of certain linear maps between finite dimensional operator spaces in the rotation algebras, we prove an 
inequality of the form po{Oi,92) < Co\9i — 62] (not just Co\Oi — 6'2|^^^) for some constant Co- This implies the 
existence of a Lip^^^ representation in ©2. We therefore have an alternate proof (with different constants) of 



Theorems 4.9 and 5.4 of | HR |. This proof makes no use of unbounded operators or canonical commutation 
relations. 

We begin by establishing notation. 

Notation 6.1. For e M let A{d) be the rotation C*-algebra, the universal C*-algebra generated by unitaries 
u{9) and v{0) satisfying u{9)v{9) = exp{2TTi9)v{9)u{9). By Corollary 3.6 of |^|, the rotation algebras are the 
fibers of a continuous field over the circle S^, which we think of as [0,1] with the endpoints identified, or 
as M/Z. Moreover, u and v are continuous sections. (The fact that the rotation algebras form a continuous 
field in this manner was known to Elliott and others before [^|.) Let E{9) C A{9) be the operator space 
E{9) = sp&nil, u{9),u{9)*,v{9),v{9)*). 

Further, for each G M, fix a unital embedding Lg : A{9) O2, and use it to regard A{9) as a unital 
subalgebra of O2 ■ Define 

^0(^1,^2) = inf(max([|r(u(0i)) - LeM02))l\\Tiv{9i)) - t9,(t;(02))||)), 

where the infemum is taken over all unital completely positive maps T : A{9i) 02- By Proposition 4.11 (1), 
this function does not depend on the embeddings used. (In the case at hand, since all algebras involved are 
nuclear. Remark 4.12 implies that one gets the same function by taking the infemum over all unital completely 
positive maps T : A{9i) A{92).) 
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The following two lemmas constitute an analog of Proposition 4.5 of |HR|. 

Lemma 6.2. The function po is continuous and translation invariant, that is, po(^i +0,62 + 0) ~ po{Oi, O2) for 
all Oi, O2, eR. 

Proof: The function po is continuous by Proposition 4.11 (2). For translation invariance, it suffices to prove 
that po{9i +0,62 + 0) < po{0i,02). By continuity, we may restrict to Oi, O2 irrational and 9 rational. 
Let £ > 0, and let T : A{9i) O2 satisfy 

max(||r(u(0i)) - Le,{u{e2))U\T{v{e^)) - ieM02))\\) < Po{0i,02) + |. 

Set ui — u{Oi) (X) u{0) and vi = v{Oi) (g) v{0), which are unitaries in ^(6*1) (g) A{9) satisfying uivi ~ exp(27ri(0i + 
0))viui. Since Oi + is irrational, this gives a unital embedding A of A{Oi + 0) in A{Oi) (g) ^1(6'). Similarly, the 
unitaries U2 = u{02) ® u{0) and V2 = v{02) g) v{0) give a unital embedding V of A{02 + 0) in A{02) (g A{9). 
We will estimate po{9i + 9,02 + 9) by considering the unital completely positive map T g) id^(e) followed by a 
suitable embedding in O2. 

Let p : O2 O2 ^ O2 he an isomorphism (from Theorem 0.8), and let 

if^po {Le^ g) ig) o 1/^ : A{02 + 0)^ O2. 

Then Lp is approximately unitarily equivalent to t^a+e by Theorem 1.15, so there is a unitary w G O2 such that 
\\wip{a)w* - ie2+e{a)\\ < ^e\\a\\ for a e E{92 + 9). 
Now define S : A{9i + 9) ^ O2 by 

So = p o {T ig) o X and S{a) — wSo{a)w*. 



This map is unital and completely positive because rg)id^(e) is (by Proposition IV. 4. 23 (i) of | |Tk| ). Furthermore, 
it is easy to check that 

\\S{u{9i+9))~Le,+eH02+9))\\ 

< \\S„{u{9i + 9)) - ^{u{92 + 9))\\ + \\wip{u{92 + 9))w* - Le,+eH02 + 0))\\ 

< \\T{u{9i)) (g u{9) - Ld,H02)) ® u{9)\\ + I < po{9i,92) + | + f = ^0(^1,^2) + £, 
and similarly for v in place of u. This shows that po{Oi +0,92 + 0) < po{Oi, O2) + £. I 

Lemma 6.3. The function po is a continuous pseudometric on M. 

Proof: Continuity was shown in the previous lemma. The triangle inequality is Proposition 4.11 (3). It 
remains to prove symmetry. It suffices to prove that pq{0, —0) = po(0, 0). Indeed, the previous lemma then gives 

Poi02,0i) ^ PoiO,Oi - O2) ^ PoiO,02 - Oi) = po{0i,02) 

for any Oi and 02- 

We may clearly assume 0^0. Let (pg : A{0) A{~0) be the isomorphism given by 

MuiO)) = v{0) and M^^)) - ^(0). 

Since p(0, 0) does not depend on the choice of embedding Lg of A{0) in O2, we may assume that = ig o ipg^ , 
that is, that in O2 we have 

L-eH-O)) = Leiv{0)) and = ^eHO)). 

Given a unital completely positive map T : A{0) — > O2, the map T o pQ : A{0) O2 satisfies 

||(T o po){um - i-e{u{~0))\\ = \\T{vm - Lo{v{0))\\ 

and 

||(To ^o)(^'(0)) - i-B{v{-0))\\ = ||r(^.(0)) - ie{u{0))l 
Taking the infemum over all T, we find that po(0, —0) < pq{0, 0). Replacing 9 by —9, we get equality. I 
We now prepare to estimate po{0, 9). 

Lemma 6.4. Let iJ be a Hilbert space, and let ^, rj £ H with ||^|| = ||77|| = 1. Then Re((^, ?;)) = 1 — — ri\\^. 
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Proof: Write ||^ ^ = {£, ^ Vi^ ^ v) ^-^^d calculate. I 

Lemma 6.5. Let £'0(6') = spa.n{l,u{e),v{9)) C A{e). Define Tg : £'0(6') Eo{Q) by 

Te(l)-1, Teiu{e)) = uiO), and Teiv{9)) = v{0). 

If 61 is a rational number of the form /{2n + 1)^ with to, n e N (not necessarily in lowest terms), and if 
9 < 2/25, then ||re|lcb < (1 - fe)-^/\ 

Proof: We start by making several reductions. First, note that if E is an operator space, then a bounded 
linear functional u : E ^ C is completely bounded and satisfies ||a;||cb = (See, for example, Proposition 
3.7 of @.) Therefore, using A{0) = C{S^ x S^), we have 



iTellcb = sup 
xes^xs^ 



evx oTellcb = sup || ev^ oTg\\ = \\Tg 



It therefore suffices to show that ||re|| < (1 - ^e)"^/^. 

For the next step, it is convenient to use the (nonstandard) convention sgn(O) = 1. Our problem is equivalent 
to showing that for a, /3, 7 £ C we have: 



||a- 1 + /3u(0) +7i;(0)|| = 1 implies ||a • 1 + /3m(6') + 7w(6')|| > (l - f 6l)^^^ 



Multiplying the two expressions inside the norm signs by sgn(a), we see that it suffices to prove this with a > 0. 
Next, note that clearly ||a • 1 + /3u{Q) + 7w(0)|| < a + |/?| + I7I, while the reverse inequality follows by considering 

the point x — ^sgn(/9), sgn(7)^ S 5^ x S^. So it suffices to show that for a, 7 G C with a > we have 

a+l/3| + l7l = l implies \\a ■ 1 + f3u{9) + -fv{9)\\ > {l f9)^^^ . 
Now let q — {2n+ 1)^, and define ^ = exp(27ri/g), a primitive q-th root of 1. Define unitaries yo, zq G Mq by 

/ • • • 1 \ 



2/0 = diag(l, C, • . • , C ^) and zq = 



1 
1 



0- 

V • 










1 0/ 



Then yozo = C^oJ/o- Set y = y'^ and z 



'0 ' 



so that yz = zy = exTp{2Tri9) zy . Thus there is a unital 



homomorphism ip : A{9) Mq given by ip{u{9)) = sgn(/3)j/ and ip{v{9)) = sgn(7)z. We have 

ip{a-l + (3u{9) + -fv{9)) =a-l + \p\y + \"f\z. 

Note that we can write 9 = m'^/{2n + 1)^ with n arbitrarily large. Since \\tp\\ < 1, it therefore suffices to show 
that for a, 7 G C with a > and for all large enough n, we have 

a+\p\ + \j\ = l implies \\a ■ 1 + \(3\y + \j\z\\ > (l ~ f9)^^\ 
Equivalently, we assume that a, /3, 7 > 0, and show that 

1 /2 

a + P + -f = l implies ||a • 1 + /??/ + 7z|l > (l - ^6*) ' 



for large n. 
Define 



^0= 1 



2 1 



,0,0,. ..,0,- 



1 2 



and ^ — 



Using the formula 
we can calculate 



1^ + 2^ + ■ • • + = in(n + l)(2n + 1), 



leoi 



1 + 2^ f-j ^l + in-i(n + l)(2n+l) > |n. 

k=l ^^'^ 
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Further, using 

and (n — k)k < for < A; < n, we obtain 

n-l / , s 2 



(2n + 



So 



,, , , ,, Trnm /n — 1 

ll6-yCo||< 



(2n+l)2 

Next, we estimate ||^o — ^Coll- The components of ^ -^Co for which one of (^o)i and (^^o)^ is zero and the 
other is not are ±i, ±|-, . . . , each occurring once. The sum of their squares is, using k'^ + {m — k)"^ < 
for 1 < A; < m, equal to 

E™ fc^ 2m^ A:^ + (to — A:)^ ^ l)"^'^ 

^2 ~ ^2 + ^2 - v'"' + ^2 • 

fe=i fe=i 

There are 2n — 1 — m other nonzero components, all of absolute value at most m/n, so 



IICo-^Coll < \/(2n - 1-to)^ + (to + 1)^ = TO^/^. 



Using 1 1^0 1 1 > -\/2n/3, we therefore obtain 



niun, in—l I 3 / 7rV3\ { m \ 7r-\/3„i/o 



(2n + l)2V 2 V 2n - I 4 /V2n + 1 
and 

««-'«s™\/!\/|;=^^(' + i)''"^- 

If n is sufficiently large, it follows that 

U-y^\\<le''\ U-z^\\<le''\ and M-z£,\\<f>e'/\ 

Using Lemma 6.4 on the real parts of the scalar products, and taking a, (3, j > 0, we calculate 

\\{a.l + py + jz)^f = a2+/32+^2^2a/3(l-i||^-y^f) 

+ 2a7 (1 -hU- za') + 2/37 (l - ' z^') 
> (a + /3 + 7)2(l-f0) 

for large n. Since ||^|| = 1, this shows that, for a, /3, 7 > and n large, 

q; + /3 + 7=1 implies \\a ■ 1 + + jz\\ > {l - fe)^^'^ . 

I 

Lemma 6.6. Let A and B be unital C*-algebras, with B nuclear. Let C ^ be a finite dimensional operator 
system, and let £^0 C .B be a subspace such that 1 G Eq and Eq + Eq = E. If s > and T : E ^ B is a unital 
sclfadjoint linear map with ||T|£;o||cb < 1 + £, then there exists a unital completely positive map S : A B 
such that \\S\eo-T\eo\\ < £■ 
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Proof: Choose (5 > such that ||T|£;g||cb < 1 + e — S. Since B is nuclear, there are n and unital completely 
positive maps Qi : B ^ Mn and Q2 : M„ B such that \\Q2°Qi\T{M)-^<iB \t{m)\\ < We have ||Qior|£;,Jcb < 
1 + e — ^, so Wittstock's generalization of the Arveson extension theorem (Theorem 7.2 of [Q) yields a linear 
map Qo : -> Af„ such that HQollcb <l + e-S and Qobo = Qi°T\eo- Set Q{a) = |((3o(a) + Qo(a*)*)- Then 
Q : E ^ Mn is linear, selfadjoint, and satisfies ||(3||cb<l + e — <^ and Q\eo = Qi ° T^Ibq- Lemma 1.9 provides 
a unital completely positive map Sq : A ^ Mn such that \\So\e — Q\\ < £ — S. Then S = Q2 o Sq : A ^ B is a. 
unital completely positive map such that HS'Ibo ~ ^^I-EoII < i 

Theorem 6.7. The fimction po of Notation 6.1 satisfies po{9i,02) < ^\9i - 021 for aU 9i, 62 e K. 

Proof: By Lemmas 6.2 and 6.3, po is a continuous translation invariant pseudometric. We therefore easily 
see that it is enough to show that for every e > there is (5 > and a dense subset S of (0, S) such that 

Poio,o) < if + e)e for e e S. 

Take Eq — ^e, and choose Jo > such that (1 — r)^^/^ < 1 + ^(1 + So)r for r € (0, 60). Take d — j^Sq and 
take 

Then for 6 E S, Lemma 6.5 shows that the map Tg : Eq{9) — > E'olO) of that lemma satisfies 

\\TeU<{l-^e)-''^ <l + {^+e)6. 

Now apply Lemma 6.6, with Eq = Eq{6), E = E{9), and T defined by 

r(l) = l, T{u{9))^u{Q), T{u{e)*)^u{Q)\ T{v{e)) ^ v{Q), and T{v{9)*) ^ v{Q)\ 

so that T\Ea = Tg. This gives a unital completely positive map Rq : A{6) A{0) such that ||i?o|£;o(6i) — Tg\\ < 
+ e)9. In particular, R ^ lq o R„ : A{e) -> O2 is a unital completely positive map satisfying 

\\R{u{9)) - ioiumW < (f + £)0 and \\R{v{e)) - .o(«(0))|| < (f + e)e. 

So po(e,0) < (f +£)0.l 

Corollary 6.8. The field of rotation algebras, with the unitary sections defined by the standard generators, is 
{Xq, p)-embeddable in O2 for a one point space Xq and with p{r) = 28r^^^. 

Proof: This follows from Remark 4.16 and the inequality ll-\/25/4 < 28. I 

Theorem 6.9. There exists a unital injective representation (p of the continuous field of rotation algebras, 
regarded as defined over R, which is periodic in the sense that fg+i = tpg for all 6 E M., and for which there is 
a constant C such that for all 9i, 62 E M, 

max(||^e,K^i)) - mM&2))l \\veAv{di)) ~ VeM02m) < - 92]'/'. 
Moreover, C can be chosen smaller than 840, 000 ~ 8.4 • 10^. 

Proof: We describe the changes that must be made to the proofs of Lemma 5.6 and Theorem 5.10. Take the 
spaces X and Y of Lemma 5.6 to be one point spaces (as in the proof of Theorem 5.10), and use M in place 
of [0, 1]. Choose a single injective unital homomorphism a : A{0) O2, and take (pn = a for every integer n. 
We carry out the rest of the construction on [0, 1], repeating each step using periodicity in each [n, n + 1]. (The 
only reason for not restricting to [0, 1] at the beginning is to ensure that we obtain the distance estimate of the 
theorem for, say, 0i < 1 < 6*2.) 

We will take all sectional distances ds('^9ii ^02) with respect to the continuous sections u and v. By Theorem 
6.7, we have po{9i, 6*2) < ^\9i —6*2!. So, in the proof of Theorem 5.10, we take a = 1. We follow the modification 
described for this value of a in Remark 5.11. 

Construct injective unital homomorphisms ipg : A{9) — > O2 for 9 in the set 

So = {j/n^- : fc > 0, < J < n'^} 
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as in the proof of Lemma 5.6, with ni, rt2, • ■ • , and n' ah equal to 90^ (see Remark 5.11), and extend over 
S — {j /n^ : k >0, j G Z} by periodicity. As in Remark 5.11, if 9i, 62 G S then 

dsi'Pe, ,Ve,)< 330, 000 (f |0i - O^]'/^ < 840, GOG|0i - 021'/'- 
This is true for all ^i, 6*2 G S, but clearly extends by continuity to all 6*2 G M. I 

Corollary 6.10. There exist continuous functions u, v : ^ U{02) such that: 

(1) uiCHO = Cv{C)u{0 for aU C e S\ 

(2) C*(u(C), v{C,)) is isomorphic to the universal C*-algebra on unitaries u and v satisfying uv = C,vu. 

(3) There is a constant C such that for all Ci, C2 € 5*^, we have 

h(Ci) - u(C2)|| < C\Ci - C2r/' and |l,;(Ci) - v{C2)\\ < C|Ci - (2!^/^ 
Moreover, C can be chosen less than 420, 000. 

Proof: This follows from the theorem, because if Ci, C2 € S^, then there exist 9i, 62 gM. such that 
exp(27ri0i) =Ci, exp(2^i02) = C2, and - ^2! < ilCi " C2|. 
It follows that \ei - e2\^i'^ < 5IC1 - C2|^/^. ■ 

Remark 6.11. No better exponent is possible in Theorem 6.9 or in Corollary 6.10, because Proposition 4.6 of 



[HR] shows no better exponent is possible even for representations on a Hilbert space. This implies that the 
square root in Proposition 4.13 can't be removed, and also provides a (rather indirect) proof that the exponent 
i in Lemma 1.12 can't be improved. Moreover, in the construction of embeddings in ©2, the exponent i in 
Lemma 1.12 can't be evaded by using some other proof. 
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